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Electromagnetic Reflection and Transmission by Gratings of Resistive Wires 


Epwarp A. LEwIs AND JOosEPH P. CASEY, JR. 
Air Force Cambridge Research Center, Cambridge, Massachusetts 
(Received November 28, 1951) 


Calculations show that the effect of increasing the resistivity of the wires is to decrease the amplitude of 
the reflection coefficient and the phase of the transmission coefficient. The sign of the changes in the ampli- 
tude of the transmission coefficient and the phase of the reflection coefficient depends upon the amplitude of 
the reflection coefficient of a geometrically similar grating having no resistance. A numerical example for a 
typical grating is worked out and several charts are supplied for convenience in computing. 





THE EFFECTS OF RESISTANCE IN WIRE GRATINGS 


HE reflection and transmission of an electro- 
magnetic wave by a plane grating of parallel 
wires is included in the very general considerations of 
Ignatowsky,'* whereas other mostly subsequent pa- 
pers?-7* have given more direct and also more re- 
stricted treatments. Nevertheless, it seems that the 
theory for a wave falling with arbitrary angle of in- 
cidence on a grating of wires with finite conductivity 
has not hitherto been presented in a simple form con- 
venient for numerical work.t 
Wessel*® remarked that, with wires made of ordinary 
good-conducting materials, the effects of resistance are 
small. While this may be true for a grid in free space, 
the resistance is by no means negligible when the grid 
is an element of a resonant structure. For example, 
between a pair of similar, parallel, highly reflecting 
gratings, there is an interference action’ which is highly 


1W. v. Ignatowsky, Ann. Physik 44, 369 (1914). 

* Translated by H. H. Kolm, M.I.T., Translation Service. 

? R. Honerjager, Ann. Physik (Folge 6), Vol. 4, 25 (1948). 

°W. v. Wessel, Hochfrequenztechnik 54, 62 (1939). 

*G. G. MacFarlane, J. Inst. Elec. Engrs. (London), Pt. III A, 
93, 1523. 

°R. Gans, Ann. Physik 61, 447 (1920). 

°C, Schaefer, Ann. Physik 74, 275 (1924). 

7™C. Schaefer and M. Laugwitz, Ann. Physik 21, 587 (1906); 
23, 951 (1907). 

t Gans’ explicit treatment (see reference 5) of the effect of the 
wire resistance is limited to the case of normal incidence and con- 
tains the restriction that the wavelength be much greater than 
the grating constant. It can be shown that the latter restriction 
is equivalent to ignoring the term F in Eq. (24) of the present 
paper. 

*E. A. Lewis and J. P. Casey, J. Opt. Soc. Am. 41, 360 (1951). 


sensitive to losses and phase changes’; in fact, when 
tuned, the maximum transmission is determined almost 
entirely by resistive effects. 

For use as reflecting surfaces in interference filters, 
interest is confined to grids in which the wire spacing 
(d) is less than a half-wave (A/2) of the radiation being 
used, and the wire radius (a) is assumed much less 
than (d). With these restrictions, a plane wave of 
amplitude Eo, having its electric vector parallel to the 
wires, and incident at angle a from the normal, gives 
rise to just one reflected wave (coming off at reflection 
angle a), and just one transmitted wave (proceeding 
in the original direction).{ The reflected wave is re- 
garded as originating from the currents induced in the 
wires, while the transmitted wave is the superposition 
of the induced and incident fields. 

The induced currents all have the same magnitude 
but differ in phase from wire to wire by the angle 
kd sine, where k=27/d. If Io is the current in any 
particular wire chosen for reference, it can be shown!® 
that the diffracted wave is 


Ep=—60rIo/d cosa, (MKS units) (1) 


the phase being relative to the reference wire. By defini- 
tion, the reflection coefficient is the ratio of the re- 
flected wave to the incident wave: 


r= Ep/E)=—601/Zd cosa, (2) 


®E. A. Lewis, AFCRC Report, “Notes on Interference Filters,” 
April, 1952. 

t Actually side waves do not occur unless (A/d) <<1+sina. (See 
reference 4.) 

10 Reference 2, Eq. (29). 
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Fic. 1. Internal impedance of a wire. 


where 
Z= E/Io. (3) 


The transmission coefficient is 
t=(Ep+Ey)/Eo= 1+7r=re*, (4) 


It is now seen that the properties of the grid are deter- 
mined once the “grid impedance” Z is calculated. 
Honerjager’s® calculation can easily be extended to in- 
clude losses in the following manner. 

Let e; be the electric field at the surface of the refer- 
ence wire caused by its own current, and the current 
in all the other wires, each having unit magnitude. The 
quantity ¢; is calculated in terms of X, d, a, a. The total 
field at the wire is then 


Ew= Eot+ [e:. (S) 


If the wire is perfectly conducting the boundary 
condition “tangential E continuous” requires E,,=0, 
so by Eqs. (3) and (5), the grid impedance for perfectly 
conducting wires is 


Z,= — 1. (6) 
With lossy wires, 
Ev=1M0Zi, (7) 


where Z; is the “internal impedance” of a single grid 
wire, a quantity expressible in terms of the ber and 


bei functions! ?: 








R, 
Zi= 
wav2 
[PES — BeiqBer'q+-iBerqBer'q+iBeigBei'g 
x » (8 
(Ber’q)?+ (Bei'q)? 


where g=a(wuc)?; R,=(wu/2c)!; w=2er times fre- 
quency; u=magnetic permeability=4rX10~’ for the 
metals to be considered here (MKS system); and 
a=conductivity. For good conductors and high fre- 
quencies, and for wire radii not too small, q is large, in 
which case Eq. (8) reduces to 


Z—~(R./2na)(1+%). (9) 


(Approximate values of the real and imaginary parts 
of Z;=R,;+iX; may be obtained by means of Fig. 1.) 
From Eqs. (5) and (7) 


Z=Z;—e,, and by Eq. (6) 


=Z+Zy (10) 


The effect of loss is to increase the grid impedance, as 
if the single wire impedance were added in series. 

The loss introduced by the grid is simply the differ- 
ence between the incident intensity and the combined 
intensities of the reflected and transmitted waves. The 
fractional loss is thus 


l= (1—rr*—it*). (11) 
By using Eq. (4), 
l=2(Re(r)+rr*). (12) 


Let R, R;, R, and X, X;, X, be, respectively, the real 
and imaginary parts of Z, Z;, and Z, (having units 
ohm/meter). These quantities multiplied by d cosa/60r 
are denoted by primes. In terms of these dimensionless 
quantities, Eq. (2) becomes 


—1 
r= ; 
(Ry +Ri')+i(X,'+X,’) 
Substituting in Eq. (12) 





(13) 


2(1-R/—R,’) 
j= — (14) 
(Rp +R,’)?+(X,'+-X7')? 





Now for lossless wires, R;,’=0, and / must be zero. It 
follows from Eq. (14) that R,’ is unity, regardless of 
wire sizes and spacing, within the range of these vari- 
ables previously defined. Thus the reflection coefficient 


1S. Ramo and J. R. Whinnery, Fields and Waves in Modern 
Radio (John Wiley & Sons, Inc., New York, 1944), Art. 6.09. 

2H. B. Dwight, Tables of Integrals (Macmillan Company, New 
York, 1945). 
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for the grid, lossless or not, is 











—1 
in ; (15) 
(1+-R,’)+i(X,'+-X7’) 
and 
2R,’ 
l= (16) 
(1+-Ri’)P?+ (Xp'+X,')? 
Writing 
r=pe"? (17) 
and comparing with Eq. (15), 
1 
=+ (18) 
d [A+Ri)?+(Xp'+-X,)*}! 
™ cos#= — p(1i+ R,’) (19) 
l 
— (>+—) by Eq. (16). (20) 
2p 


_ From Eq. (4) by means of Eqs. (15) and (19) it follows 


that 
r=[1—p'—2p°Ri} (21) 


_pll = p(1+R,’)? }} 
1—p(1+Ri) 





o= tan (22) 


To complete the above formulas it is necessary to know 
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Fic. 3. Transmission, reflection, and loss properties 
of a wire grating. 


the dimensionless quantity™ 


2rd cosa_ 
X,'= ne > cos(nkd sina) N o(nkd) 


4. /x) In(0.890ka)], (23) 


where k= 27/X, and N> is the zero-order Bessel function 
of the second kind. For the range of parameters of in- 
terest here (A> 2d; d>>a). Equation (23) can be written” 








2dcosaf d 
X, = =| inc —+], (24) 
Xr 27a 
where 
2 1 
r=35 ( 
n=t \[ (n+ (d/d) sina)?— 2/2}! 





1 
+ : ==). 9 
[(n—(d/d) sina)?—d?/r?]! 1 


Honerjager’® has given curves of X,' versus angle of 
incidence for certain values of the parameters, while a 
plot of the quantity F has been published by Mac- 
Farlane'® and is reproduced for convenience in Fig. 2. 
In Fig. 3, the quantities p? and 7? which are the intensity 
coefficients for reflection and transmission are plotted 
against angle of incidence for the two cases d/a=10 
and d/a=20, when d/A=0.2 and ¢=0.1X10? mhos/ 


13 Reference 2, Eqs. (11/, <4’s), (18), (21), and (26). For the case 
a=0 this expression reduces to Eq. (67) of Wessel (reference 3). 


Wessel gives a table for 2No(nX). 
1 


4 Infeld, Smith, and Chien, J. Math. Phys. 26, 22 (1947). 
145 Reference 2, Fig. 7. 
16 Reference 4, Fig. 6. 
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Fic. 4. Reflection coefficient of wire gratings. 


meter (Nichrome). Curves are also given for perfectly 
conducting wires, denoted by the subscript zero. 

Figure 4 includes a wider range of parameters but 
applies only to the lossless case. However, from these 
curves it is possible to estimate the increments Ap, 
Aé, Ar, and A¢ which occur when the wires become only 
slightly resistive. In this case R;’<1 and X;’<1 so that 
Eqs. (16) to (22) can be approximated with reasonable 
accuracy. Thus: 


xX! | 
Ap=— p’R ‘oct 7 — po’) ] (26) 
Ap+ poR,' [xi . 
Mer———— = — poR; —po— (1— po”)! (27) 
i- po R;’ 


Xi 
ama— posto Ri Pe (1 — po’) | (28) 


+ 


LEWIS AND J. P. 


CASEY, JR. 

















TABLE I. 
Approximated formulas Original formulas 
rv —0.030 —0.0287 
A@ —5.90° —5.79° 
Ar 0.0093 0.0098 
yo —39° —3.78° 
‘i Ap , |= 1 Po 
~-~————_~— pe R,'| — (29 
(1—po°)! Ri (1—p,*)! 
l~ 2p2R,. (30) 


Referring to Fig. 1, (X,//R,’) is a positive quantity (for 
high frequencies and good conductors (X///R/’)~1), 
Ap and A¢ are always negative, whereas the signs of 
Aé and Ar depend on the magnitude of po. 


NUMERICAL EXAMPLE 


For d/a=20, d/A=0.2, and normal incidence, the 
value po= 0.9046 can be read approximately from Fig. 4. 
It follows from Eq. (18) that X,’=0.4712. Suppose 
now the wavelength, A, is 500 microns or 5X 10~ meter, 
whence it follows that a(=d/20=0.2\/20)=5x 10-6 
meter, and a?=2.5X10~" meter.’ If the wires are made 
of Nichrome, which is a rather poorly conducting metal 
(c=0.1X10") it will be found from Fig. 1 that for 
an abscissa of a/(A)'=5X 10-®/(5)#X 10? = 2.24 10+, 
a@?R;~13.1X10-7 and a?X;~12.2X10-". As defined in 
connection with Eq. (13), Ri’ = (d/607)R;~0.0278 and 
similarly X,’~~0.0259. The changes in p, etc., due to 
the wire resistance may be calculated from the approxi- 
mate formulas, Eqs. (26) to (30), or by working from the 
original expressions of Eqs. (16) to (22) (see Table I). 
For the metals which would ordinarily be used for such 
gratings, the effects would of course be much smaller 
than these. 
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Electron Microscope Study of Plasticized Latices* 


E. B. BRADFORD 
Physical Research Laboratory, The Dow Chemical Company, Midland, Michigan 
(Received November 28, 1951) 


Silicon monoxide replicas of the surfaces of air-dried films are shown which were cast from a Saran latex 
containing various amounts of plasticizer. It can be observed that the poor films are composed of discrete 
individual particles while in a continuous transparent film the particles have coalesced into a polymeric mass. 
Replicas of surfaces of films are shown which were produced from different types of synthetic latices before 


and after they had been plasticized. 





INTRODUCTION 


HE recent increase in the use of synthetic latices in 
the textile, paper, and paint industries has pro- 
moted extensive investigation of the complex problem 
of latex formulation. In many industrial applications of 
these latices it is necessary for the polymer particles to 
readily coalesce into a continuous and durable film. It is 
therefore desirable to know how these particles aggregate 
during the process of forming a film. In order to produce 
such a film, many latices must be modified by adding a 
plasticizer of one type or another. The purpose of this 
paper is to picture, by use of a replica technique, the 
individual particles as they actually appear in the 
surface of films cast from latices before and after they 
have been plasticized. 


EXPERIMENTAL TECHNIQUE 


In order to make replicas of surfaces of poor films cast 
from synthetic latices it was first necessary to form films 
which would withstand handling. It was found that by 
pouring a thin layer of the latex into a crystallizing dish 
and allowing the water to evaporate, a suitable film was 
obtained which was two to three mm in thickness. This 
relatively thick film was very brittle but could be 
handled with care. A section of the film was placed in an 
evaporating unit and, after an operating vacuum of at 
least 10-* mm of mercury was obtained, a thin film of 
silicon monoxide was evaporated normally onto the 
surface of the film. After removing the specimen from 
the evaporating unit, the surface of the film was lightly 
scored into approximately 4-inch squares. The speci- 
men was then placed in a solvent which dissolved the 
polymer film leaving the silicon monoxide replicas. 
These replicas were then transferred to a clean bath of 
the solvent for rinsing before they were caught on a 200- 
mesh standard electron microscope specimen screen. 


DISCUSSION 


Many synthetic latices are not inherently film- 
forming and must be modified in order to produce useful 
films. One of the most convenient methods of obtaining 
a good film is to add a plasticizer to the latex so that a 


* Presented at the ninth meeting of the Electron Microscope 
Society of America in Philadelphia, Pennsylvania, November 8, 
1951. 


coherent and durable film is formed when the latex dries 
at room temperature. Since the plasticizers used vary 
widely in composition and consequently have somewhat 
different effects on the properties of the latex, the 
method of plasticizer addition must be varied in order to 
obtain the best latex compatibility and avoid coagula- 
tion. Sometimes a plasticizer can be easily stirred 
directly into the latex but often the plasticizer will 
separate from the latex to form an ineffective separate 
layer. Sometimes this stratifying can be avoided by 
adding the plasticizer in the form of a water emulsion 
to the latex. Another method of incorporating the 
plasticizer into the latex is known as “phase inversion.” 
In this process the latex is slowly added to the plasticizer 
and thoroughly mixed forming a latex-in-oil emulsion; 
as more latex is added an inversion takes place and one 
obtains a plasticizer-in-latex emulsion which is very 
stable. Usually these plasticized latices must be aged to 
allow the plasticizer to diffuse into the individual 
polymer particles. 


Saran Latices 


A latex which is made by copolymerizing vinyl 
chloride and vinylidene chloride is a typical latex which 
will not produce a useful film without modification. 
Figure 1 is a picture of the individual particles of a Saran 
latex which has not been plasticized and which will not 
produce a continuous film when dried in air without 
heating. These particles were dispersed upon a collodion 
membrane from the diluted latex and then “‘shadowed’”! 
with chromium. One can observe from the shape of the 
shadows that the particles are hard and spherical. In 
order to observe visually the type of film formed by 
these particles, a small amount of the concentrated latex 
was spread onto a microscope slide at room temperature 
and allowed to dry. This same procedure was followed 
after the latex had been modified by adding five, ten, 
and fifteen percent plasticizer (based on the polymer 
content of the latex). 

In order to picture what happens to individual 
particles in such films as plasticizer is added to the latex, 
replicas of the films were made using the above-men- 
tioned silicon monoxide one-step replica technique. 


1R. C. Williams and R. W. G. Wyckoff, J. Appl. Phys. 17, 23 
(1946). 
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Fic. 1. Chromium shadowed particles from a Saran latex. 


Figure 2 is a replica of the surface of a film cast from the 
latex shown in Fig. 1 to which no plasticizer had been 
added. This surface is composed of essentially discrete 
spherical particles which vary considerably in size. The 
dark spots are probably polymer particles or groups of 
particles that were not completely dissolved or washed 
from the replica film by the tetrahydrofuran which was 
used as the solvent. In Fig. 3 the effect of adding only 5 
percent of plasticizer is plainly visible. In this replica the 
particles appear to have begun to coalesce, although 
some were not affected as much as others. There are 





Fic. 2. SiO replica of a film cast from a Saran latex. 


BRADFORD 


some residual polymer particles visible in this replica 
also. A crack can be seen in this replica which extends 
under one of these particles. In Fig. 4 one sees the effect 
of 15 percent plasticizer. Practically all of the individual 
particles have now lost their identity, and only an uneven 
mass of polymer results which shows why this plas- 


ticized Saran latex produces a transparent and continu- 
ous film. 


Polystyrene Latices 


Figure 5 pictures the surface of an air-dried film cast 
from a production batch of polystyrene latex. Its surface 
is composed of spherical particles which are similar to 
the particles in the unplasticized Saran film. However, 
these particles appear a little larger and have a narrower 
distribution of particle, sizes. There is no apparent, order 





Fic. 3. SiO replica of a film cast from a Saran latex containing 
5 percent plasticizer. 


of packing of the spheres in this surface. Some of this 
same batch of polystyrene was then plasticized with a 
plasticizer that had a tendency (at least in the quantities 
used here) to separate from the dried film. After adding 
the plasticizer, the latex was agitated thoroughly and 
allowed to age four days before a film was cast. This air 
dried film was soft, tacky, and opaque. A replica of the 
surface of this film is shown in Fig. 6 which is at the 
same magnification as Fig. 5. A pattern of light and 
dark areas is evident here. In the lighter areas the 
particles are closely packed, while in the darker areas the 
particles are more widely separated as a result of 
localized concentrations of plasticizer. The dark regions 
in the photograph are apparently caused by the 
plasticizer adhering to the replica from these localized 
areas. In the lighter areas, one can also observe that the 
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Fic. 4. SiO replica of a film cast from a Saran latex containing 
15 percent plasticizer. 


particles appear to form a more ordered arrangement 
than in the darker areas. This regularity of packing was 
absent in films made from this latex before it was 
plasticized. Possibly this plasticizer acted as a lubricant 
which allowed some of the particles to achieve an 
ordered arrangement more readily. The lack of complete 
absorption of the plasticizer by the latex particles in 
this film may be caused by poor compatability between 
the latex and plasticizer or by an extremely slow diffu- 
sion rate of the plasticizer into the particles so that 
the four-day aging period was not adequate for this 
plasticizer. 
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Fie. 5. SiO replica of a film cast from a polystyrene latex. 





Fic. 6. SiO replica of a film cast from a plasticized 
polystyrene latex. 


Polyvinyltoluene Latices 


The, properties of a polyvinyltoluene latex are very 
similar to those of a polystyrene latex. A replica of the 
surface of an air-dried polyvinyltoluene latex is shown in 
Fig. 7. The cast film from this latex was powdery and 
opaque, having very little strength because it was com- 
posed of hard uniform spheres, packed in a regular 
geometric lattice, which show no tendency to coalesce. 
The remarkable regularity of the particle array in the 
surface of the film is also indicated by the fact that the 
film and the replica exhibit diffraction colors when white 





Fic. 7. SiO replica of a film cast from a polyvinyltoluene latex. 
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Fic. 8. Types of packing found in a film cast from a 
polyvinyltoluene latex. 


light is reflected from their surfaces. This replica shows 
hexagonal close packing of uniform spheres. Figure 8 is 
a replica of the same polyvinyltoluene latex film taken 
at a lower magnification. In addition to regions of 
hexagonal close packing, one can observe a region of 
cubical packing. The small dark spots again appear to 
be polymer that was not rinsed from the replica. The 
structure of the surface of a film cast from a pre- 
plasticized polyvinyltoluene latex is shown in Fig. 9. 
This replica appears drastically different from those 
prepared from the unplasticized latex. It is rather 
difficult to interpret the surface structure of this film. 
It appears to be composed of long irregularly-shaped 
particles which are randomly intertwined. These may 
correspond to the individual particles which existed in 
the latex or may be aggregates of fused individual 
particles. Such a surface structure may also be formed 
by the soft latex particles fusing into a continuous mass 
followed by a drying process in which a flexible surface 
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Fic. 9. SiO replica of a film cast from a preplasticized 
polyvinyltoluene latex. 


skin is first formed. The underlying material then dries 
and contracts, causing a severe wrinkling of the surface. 


SUMMARY 


It is possible to prepare silicon monoxide replicas of 
films cast from synthetic latices for study in the electron 
microscope. Replicas of surfaces of air-dried films cast 
from Saran latices containing up to 15 percent plasticizer 
(based on the polymer content in the latex) show the 
individual particles as they sinter into a continuous and 
durable film. Replicas of the surfaces of films cast from 
Saran, polystyrene, and polyvinyltoluene latices show 
the effect produced on the individual particles when 
plasticizer is added to the latex. 
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For resonant sections of a transmission line consisting of parallel silver rods extending vertically above a 
metal ground plane, the resonance curves of input admittance as a function of line length have been drawn 
by a synchronized recording meter apparatus, and the effective total resistance of each resonant line calcu- 
lated. This has been done for frequencies between 300 Mcps and 1400 Mcps, for resonant line lengths up 
to several wavelengths, for line sections with both open-circuit and short-circuit termination at the top, and 
in each case with and without a large metal pipe shielding the test line. Radiation resistance is obtained as 
the difference between the resistance calculations for any one resonant line section unshielded and shielded. 

With a probable error of about 5 percent the radiation resistance is found to be proportional to the square 
of the frequency, and to be independent of line length and of whether the top termination is an open circuit 
or a short circuit. The absolute values agree reasonably well with the theory of Storer and King [Proc. Inst. 
Radio Engrs. 39, 1408 (1951) ] and disagree conclusively with some predictions of earlier theories. 





1. INTRODUCTION 


LTHOUGH the question of the radiation losses 

from parallel wire and coaxial transmission lines 
has been a matter of controversy for fifty years, there 
seem to have been no attempts to test the matter 
experimentally. 

This paper describes measurements of these losses 
for resonant sections of unshielded parallel wire line 
with both open-circuit and short-circuit terminations. 
The measurements show that the radiation resistance 
of such line sections is independent of the line length 
and of the nature of the terminations and is given 
approximately by 120*(d/\)? ohms, where d is the 
separation of the conductor centers and A is the wave- 
length. It follows that the radiation losses can greatly 
affect the properties of resonant sections of parallel 
wire line at frequencies for which the conductor separa- 
tion exceeds a very small fraction of a wavelength. 


2. THEORIES OF RADIATION FROM 
TRANSMISSION LINES 


The “telegraph equation” analysis of transmission 
lines, begun by Kelvin! and completed by Heaviside,? 
is based on assumptions which make it intrinsically in- 
capable of revealing radiation phenomena. The applica- 
tion of electromagnetic theory to transmission line 
analysis, first carried out by J. J. Thomson for coaxial 
lines,? was extended to parallel wire lines by Mie,* who 
in 1900 concluded that “for an endless line, of which 
both wires are sufficiently uniformly cylindrical and 
parallel, regardless of frequency or wire separation 
there is not the slightest radiation to the surrounding 


* Now at General Electric Company, Syracuse, New York. 

t Now at Department of National Defence, Ottawa, Canada. 

1 Lord Kelvin, Mathematical and Physical Papers of Sir William 
yeage = (Cambridge University Press, Cambridge, 1884), Vol. 

, p. 61. 

* Oliver Heaviside, Electrical Papers (Macmillan and Company, 
Ltd., London, 1892), pp. 119 and 309. 

3J. J. Thomson, Recent Researches in Electricity and Magnetism 
(Oxford University Press, Oxford, 1893), p. 263. 

4G. Mie, Ann. Physik 'IV, 2, 201 (1900). 


space.” Hertz® considered the matter, but interpreted 
his experimental observations in terms of the “surface 
waves” recently described by Goubau,® so that his 
conclusions are not relevant to the normal mode of 
transmission. 

Mie’s conclusion was upheld by Macdonald’ in 1902. 
In 1909, however, and again in 1919, Steinmetz*:® pub- 
lished an analysis predicting a uniformly distributed 
radiation resistance for parallel wire lines. This was 
attacked by Carson! who, agreeing with Mie and Mac- 
donald for the case of infinite lines, suggested that the 
discontinuities at the terminations of a line of finite 
length would result in radiation. For a section of 
parallel wire transmission line of conductor separation 
d and length L, terminated nonreflectively at each end, 
he derived an expression for the radiation resistance 
Rraa at wavelength A: 


Ryaa= 2402?(d/d)2{ 1—[sin(44L/d)/4rL/d ]} ohms. 


This does not include the radiation resistance of 807° 
(d/d)? of each of the terminations radiating as a cur- 
rent filament." In a second paper Carson” analyzed 
transmission line radiation in terms of “complementary 
waves,” the TE and TM waves of today. 
Manneback" derived in 1923 an expression for the 
radiation resistance of a resonant section of parallel 
wire line, with open-circuit termination at each end, 


5H. Hertz, Electric Waves (Macmillan and Company, Ltd., 
London, 1893), p. 155. 

6G. Goubau, Radio and Television News, Radio-Electronic 
Engineering Supplement 14, 10 (1950). 

7H. M. Macdonald, Electric Waves (Cambridge University 
Press, Cambridge, 1902), p. 106. 

8C. P. Steinmetz, Transient Electrical Phenomena and Oscilla- 
tions (McGraw-Hill Book Company, Inc., New York, 1909), 

. 350. 
4 9 C. P. Steinmetz, Trans. Am. Inst. Elec. Engrs. 38, 191 (1919). 

10 J. R. Carson, J. Am. Inst. Elec. Engrs. 40, 789 (1921). 

11M. Abraham and R. Becker, The Classical Theory of Elec- 
tricity and Magnetism (D. Van Nostrand Company, Inc., New 
York, 1932), p. 228. 

12 J. R. Carson, J. Am. Inst. Elec. Engrs. 43, 908 (1924). 

18 C, Manneback, Trans. Am. Inst. Elec. Engrs. 42, 289 (1923). 
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TABLE I. Theoretical values for the radiation resistance of 
transmission-line sections. All figures shown are to be multiplied. 
by x*(d/d)? to give radiation resistance in ohms. 








Line sections Line sections 





Line sections terminated terminated 
terminated in open in short 
nonreflectively circuit at circuit at 
Author and reference Date at each end each end each end 
Carson (10) 1921 2408. 
Manneback (13) 1923 120 
Pistolkors (14) 1929 120 
Carter (17) 1932 120 
Sterba and Feldman (18) 1932 160> 120 40> 
Whitmer (19) 1933 120 
Reukema (20) 1937 1602.b 1208 404.b 
Storer and King (24) 1951 240*.° 120* 1204.° 








* For long lines or lines an integral number of half-wavelengths long. For 
lines less than a few wavelengths long, or reactively terminated resonant 
lines, the figures are modified somewhat by a term which is a function of 
line length. 

> The figures do not include a contribution of 80 for each termination 
radiating as a current filament. 

¢ The analytical method includes the terminations, and their radiation 
resistance is not additive as a separate component. 


obtaining 
Ryaa= 1202?(d/d)? ohms 


subject to the inequality (d/A)<1. 

Pistolkors,“ using a method due to Brillouin,” has 
calculated the radiation resistance of various systems 
of parallel antennas. Two parallel, nonstaggered, half- 
wavelength dipole antennas separated by much less 
than a wavelength and carrying equal currents 180° 
out of phase are identical with the resonant transmis- 
sion-line section considered by Manneback, and Pistol- 
kors’ theory gives the same result for this case. Bech- 
mann'® has shown that the two methods are equivalent. 

Carter,!’ Sterba and Feldman,'* and Whitmer’? have 
made analyses which for the same case all lead to the 
same result obtained by Manneback. The theory of 
Sterba and Feldman, and another analysis by Reu- 
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Fic. 1. Arrangement of experimental apparatus. 


“4 A. A. Pistolkors, Proc. Inst. Radio Engrs. 17, 562 (1929). 

16 L. Brillouin, Radio Electricite Sommaire, p. 147 (April, 1922). 

16 R, Bechmann, Proc. Inst. Radio Engrs. 19, 1471 (1931). 

17P. S. Carter, Proc. Inst. Radio Engrs. 20, 1004 (1932). . 

8 E. J. Sterba and C. B. Feldman, Proc. Inst. Radio Engrs. 
20, 1163 (1932). 

‘9 R. Whitmer, Proc. Inst. Radio Engrs. 21, 1343 (1933). 


kema,”° are more general than the rest and give values 
for the radiation resistance of line sections having open- 
circuit, short-circuit, or nonreflective terminations at 
each end. Brown and King” have made a distinctly 
different analysis of the case considered by Manneback, 
using a method due to Labus.” However, graphical 
computations were required,” and the accuracy of the 
published graphs for small values of (d/X) does not 
permit useful comparison with the results of other 
theories. A recent analysis by Storer and King,* which 
corrects some earlier work by King,” finds the total] 
radiation resistance of a resonant section of parallel 
wire line to be the same for a section with two open- 
circuit terminations as for a section with two short- 
circuit terminations. 

The numerical results given by all the above theories 
are presented in Table I for comparison. 


3. EXPERIMENTAL PROCEDURE 


The experimental method used in the present work 
is illustrated by Fig. 1. The conductors of the parallel 
wire test line (0.100-in. diameter sterling silver rods 
with center spacing 1.00 in.) pass vertically through 
the center of a horizontal “ground plane” of 0.120-in. 
aluminum sheet, 6 feet by 8 feet. This plane is made of 
two sheets, the conductors of the test line passing 
through the plane on the line of contact of the sheets. 

Radiofrequency power at frequencies between 300 
Mcps and 1500 Meps is obtained from a T85/APT-5 
oscillator modified to give unmodulated output, and is 
fed to a small coupling loop at the base of the test line 
through several db of RG-21/U attenuating cable. 
The response of the test line, a measure of its input 
admittance, is detected by means of a uhf thermocouple, 
whose heater is connected to a second small coupling 
loop at the base of the line. 

The output of the thermocouple (whose couple is 
insulated from its heater) is measured by a Leeds and 
Northrup Speedomax type G recording meter of un- 
usual sensitivity (200 microvolts full scale), response 
time (1 second) and chart speed (up to 20 inches per 
minute). 

With the oscillator supplying a signal of constant 
frequency and amplitude, the length of the line con- 
ductors above the plane is varied through resonance by 
means of a precision comparator screw, to the carriage 
of which the conductors are clamped below the plane. 
The screw is driven, via a reducing gear, by a syn- 
chronous motor. Since the chart of the recording meter 
is also driven by a synchronous motor, the final result 


20L. E. Reukema, Trans. Inst. Elec. Engrs. 56, 1002 (1937). 
( 934) H. Brown and R. King, Proc. Inst. Radio Engrs. 22, 457 
1934). 

2 J. Labus, Hochfrequ. und Elektroak. 41, 17 (1933). 

% G. H. Brown, Proc. Inst. Radio Engrs. 25, 78 (1937). 
( % J; E. Storer and R. King, Proc. Inst. Radio Engrs. 39, 1408 
1951). 

25R. W. P. King, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1945), Vol. I, p. 483. 
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js that the meter draws the resonance curve of input 
admittance of the line as the line length varies. 

A chart speed of 2 inches per minute was used 
throughout the work. Two rates of line length variation 
were used at different times, 0.200 millimeter per 
minute and 1.072 millimeters per minute. One inch of 
chart therefore corresponded to 0.100 millimeter and 
0.536 millimeter of line length variation, respectively, 
in the two cases. The time required to draw the reso- 
nance curves varied from about one-half minute to 
fifteen minutes. A sample curve is shown in Fig. 2. 

The radiation resistance of the test line has been ob- 
tained by observing such resonance curves with and 
without a metal pipe shield surrounding the line. Brass 
tube of 4-in. i.d. and aluminum tube of 43-in. i.d. have 
been used as shields at different times. 

Numerous checks and precautions have been re- 
quired in the experimental work to insure that the 
interpretation of the final results is a correct one. 

The constancy of the amplitude and frequency of the 
oscillator output, and the absence of frequency modula- 
tion are essential to the success of the method. A 
resonance curve having a Q of 2000 at a frequency of 
500 Mcps, for example, will not be satisfactorily drawn 
unless the amplitude of the oscillator remains constant 
within less than 1 percent and the frequency drift or 
modulation does not exceed one or two kilocycles during 
the time required to draw the curve. Recording the 
response of the system both at and off resonance for 
several minutes at constant line length, and checking 
the nature of the signal and constancy of the frequency 
with a General Radio type 720-A heterodyne frequency 
meter, showed these requirements to be adequately 
met. The requirements were much less stringent than 
those stated (by a factor of 50 in some cases) for most 
of the experimental situations studied. 

The coupling loops for the oscillator and detector at 
the base of the test line must be arranged so that there 
is negligible direct coupling between them, and so that 
they neither excite nor respond to the “antenna mode” 
of propagation on the line conductors, i.e., the mode for 
which the currents in the two conductors flow in the 
same direction. Several different positions of the loops 
have been used, with no detectable difference in results. 
The arrangement of Fig. 3 was used in a large part of 
the work. The slight vertical displacement of the two 
loops eliminates all evidence of direct coupling between 
them. When the input loop is parallel to the plane of 
the line conductors, it has minimum coupling to this 
“antenna mode” and maximum coupling to the “trans- 
mission line mode” for which the currents in the two 
line conductors flow in opposite directions. The output 
loop, located centrally between the line conductors 
with its plane parallel to the plane of the line conductors, 
has theoretically zero coupling to the “antenna mode” 
and the maximum possible coupling to the “‘transmis- 
sion-line mode.” 
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Fic. 2. Tracing of a typical resonance curve drawn with the 
apparatus of Fig. 1. This curve was obtained at a frequency of 
600 Mcps, with a shielded line of resonant length 3\/4. The meas- 
ured width of the curve at the half-power points is 0.21, mm, in- 
dicating a Q-value of 1730. One inch of chart corresponds to 0.1- 
mm change of line length, and the chart speed was 2 inches per 
minute. 


It is clear from measurements on cylindrical an- 
tennas** that the resonant input admittance of the 
“antenna mode” for the conductors used will never be 
as great as 10 percent of the actual measured admit- 
tances in the present work, and for most cases will be 
less than 1 percent. For the coupling-loop positions 
used, the response of the system to the “antenna mode” 
for one of the line conductors alone should be far greater 
than the response to this mode for the two conductors 
together. Attempts to observe this response for a single 
conductor have shown that in typical cases it is 20 db 
to 30 db below the response to the “transmission line 
mode” for the two conductors, at the same frequency 
and resonant line length. 
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Fic. 3. Oblique view 
and side view of coup- 
ling loops at base of 
test line. One of several 
arrangements used, with 
identical results. 
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26 G. H. Brown and O. M. Woodward, Proc. Inst. Radio Engrs. 
33, 257 (1945). 
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Fic. 4. Equivalent circuit of the test line. 


It is concluded that any residue of coupling to the 
“antenna mode” affects the final calculated values of 
radiation resistance for the two-wire line by much less 
than 1 percent. 

It is shown in the analysis below that the width of 
the experimental resonance curves at the half-power 
points is, with sufficient accuracy, a linear function of 
the radiation resistance of the line, the total resistance 
of the line conductors, and an equivalent terminal re- 
sistance, which represents losses coupled to the line by 
the input and output coupling loops, as well as: the 
actual resistance of the terminations. 

It is a necessary postulate in the radiation resistance 
calculations that this equivalent terminal resistance 
has the same value with and without the shield tube 
surrounding the line conductors. There is no satis- 
factory way of testing this assumption directly. Calcu- 
lation shows that the actual resistances of the termina- 
tions are negligible compared with the observed values 
of equivalent terminal resistance, which must therefore 
represent losses coupled in by the coupling loops. The 
facts that the coupling loops are small (1 to 2 milli- 
meters diameter), that they are considerably closer to 
the line conductors than to the shield, and that the 
losses they introduce are presumably due to losses in 
the cables to which they are connected, all suggest 
that the presence of the shield should not influence the 
equivalent coupling-loss resistance appreciably. The 
validity of the assumption is strengthened by the ob- 
servation that even if this equivalent resistance is con- 
siderably increased by enlarging the coupling loops, 
the measured net value of radiation resistance for a 
given test line and frequency is not affected. 

Some work to be published later shows that the Q 
of the unshielded line can be increased to within a few 
percent of the value for the shielded line by terminating 
the test line at the upper end in a horizontal plane of 
suitable size. This modification would obviously not 
affect the equivalent coupling-loss resistance, and it 
may be inferred from the result that this resistance is 
not appreciably changed by the presence of the shield 
tube. 

The coupling-loss resistances measured for shielded 
line-sections amount to between 5 percent and 25 
percent of the total effective resistance values calculated 
for the same line sections unshielded, and are less than 
15 percent in most cases. Thus even if the value of this 


resistance should change by a few percent when the - 


shield is added or removed, the effect on the calculated 
values of radiation resistance would be very small. 

Other random deviations in the radiation resistance 
measurements are introduced by mechanical imper. 
fections in the apparatus. The small conductor dj. 
ameter, for example, makes it difficult to keep the 
conductors accurately straight, parallel, and per- 
pendicular to the ground plane, particularly for line 
sections with open-circuit termination at the top. There 
may be some slight effects in certain frequency ranges 
caused by the finite size of the ground plane, and the 
finite distance to metal objects in the surroundings, 
which, however, was never less than several wave. 
lengths even at the lowest frequencies used. The genera] 
consistency of the results suggests that these effects are 
not great. 

Taking all of these effects into account, it is considered 
that the probable error of all the radiation resistance 
measurements made does not exceed 5 percent +0.05 
ohm. 


4. ANALYTICAL METHOD 


The present project had its origin in some earlier 
work by one of us,” where an inference of radiation 
losses was made in connection with some impedance 
measurements involving an open wire line at 377 Mcps. 
The analytical method of that work could be applied 
to the present case, but the following modification of 
it is more convenient. 

The equivalent circuit of the apparatus of Fig. 1 
may be given as in Fig. 4. A generator of no-load voltage 
E, and low internal resistance R, in series with a de- 
tector of low internal resistance Ra and an equivalent 
radiation resistance R,,a4“? make up one termination of 
the test section of transmission line. The other ter- 
mination may include some loss resistance R, and 
may also include a radiation resistance component 
Rraa®. The transmission line section is of some resonant 
length n\/4, where n may be any integer. When n is 
odd, Raz and Rraa® are not required. The line con- 
ductors have total distributed resistance R, ohms per 
meter. Dielectric losses are considered negligible. 

It will be true in general that the impedances of the 
generator, detector, and second termination of the line 
will contain small reactance components. These have 
been ignored for two reasons. First, they are very small, 
as indicated by the fact that the measured resonant 
line lengths are always very close to m\/4. Second, it is 
easily shown that the effect of terminal reactances on 
the measured resonance curves and calculated re- 
sistances is negligible even for reactances up to 20 
percent of the characteristic impedance of the line, 
provided the sum of all the effective terminal resistances 
does not exceed a few percent of the characteristic im- 
pedance of the line, which is true for the present 
measurements. 


27 R. A. Chipman, J. Appl. Phys. 10, 27 (1939). 
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The current through the detector for the equivalent 
circuit of Fig. 4 is given by 


Ta= E,/(Rraa +Rot+RatRinp), 


where Rinp is the input impedance of the line section 
of length L terminated in (Ra+Rraa®). When the sum 
of all the resistances involved is small compared to the 
characteristic impedance of the line, Ja as a function 
of L will have sharp maxima at the resonant values of 
L given by L=n}/4, the odd values of m corresponding 
to an open circuit for the second termination of the line, 
the even values corresponding to a short-circuit ter- 
mination. 

The approximate transmission line analysis that is 
valid under these conditions shows that the width AZ; 
of any of these resonance curves of Jg between the half- 
power points ([g=0.707Z amax) is given by 


AL = (2/BZ0){3L0-Re+Rraa +Rraa®+Ry+Rat Ra}, 


where Lo is one of the resonant line lengths and £ is the 
phase propagation constant of the line. 

Io:R- is the total resistance of the conductors for 
any actual resonant line. It is only half as effective as 
the same amount of resistance at a termination because 
of the approximately sinusoidal distribution of current 
on the conductors. All the other resistance terms are 
located at or referred to positions of maximum current 
in the line. 

This equation may conveniently be rewritten 


AL\= (2/BZ){$Lo-R-+Rraat Ri}, (1) 


where Ryaa=Rraa + Rraa® is now the total radiation 
resistance of the line, and R,=R,+R.t+R, is the total 
resistance accounting for all losses other than those 
due to radiation and conductor resistance. 

If now a shield is put around the line conductors, all 
radiation is stopped. In general the total conductor 
resistance for the resulting shielded-pair line will be 
slightly different from the value R, and the character- 
istic impedance will also change somewhat. Let the 
new values of these quantities be R., and Zpos, re- 
spectively. The values of 8 and Lp will not be affected 
appreciably, and it has been assumed that R; does not 
change. 

The width at the half-power points of any resonance 
curve for the shielded line will then be AZ», given by 


AL2= (2/8Zo5){3L0- Rest Ri}. (2) 


Solving Eqs. (1) and (2) for Raa by eliminating R,, 
gives 


Ryaa = 48Z9* AL1—438Z 0: AL2— 41 0(R-— Res). (3) 


It is shown below that R, and R,, differ by 1 percent 
or less for the lines used in the present measurements, 
so the final term in Eq. (3) may be dropped, giving 


Rraa= $8Z9* AL1—48Z 05° AL. (4) 


TABLE II. Constants of the test lines used in the experiments. 
Reference:S. Ramo and J. R. Whinnery, Fields and Waves in 
Modern Radio (John Wiley & Sons, Inc., New York, 1944), p. 
332. 








(1) (2) (3) 
Two-wire line, Two-wire line 


sterling silver con- Two-wire line with coaxial 


ductors 0.100-in. with coaxial alaminum 
diam, center brass shield shield, 
spacing 1.000-in. 4-in. i.d. 4}-in. i.d. 





Distributed resistance 

at frequency fmeps 

in ohms per meter 0.0641 (fsteps)? 0.0648 (fmeps)? 0.0643 (fateps)# 
Characteristic im- 

pedance in ohms 359 344 347 








The Q-value for any of the resonance curves will be 
given by Q=L)/AL. It is readily shown that if Rraa 
=R,=0, Eqs. (1) and (2) lead to the well-known ex- 
pression 0=6/2a. If, at a given frequency, the radia- 
tion resistance is independent of line length, the Q will 
increase asymptotically to the value 8/2a as the line 
length is increased. 


5. MEASUREMENTS AND CALCULATIONS 


The dimensions and constants of the shielded and 
unshielded lines used are shown in Table II. Of the 
two shielded cases shown, the 4-in. i.d. brass pipe was 
used with all transmission line sections short-circuited 
at the upper end, while the 43-in. i.d. aluminum pipe 
was used with all line sections open-circuited at the 
top. It should be noted that a true short-circuited 
shielded-pair line is not obtained by simply putting a 
shield around an open-wire line shorted by a linear 
conductor. It is necessary to use a shorting disk that 
terminates the line conductors and makes contact 
around its edges with the shielding pipe. Experimentally 
the addition of such a disk was found to make a sig- 
nificant difference in the resonance curve widths for 
the shielded shorted lines. 

Table III shows the measured resonance curve widths 
for shielded and unshielded lines with short-circuit ter- 
mination at the upper end, at various frequencies and 
resonant line lengths. Table IV gives the same data for 
lines with open-circuit termination at the upper end. 
Each value given is the average for at least two separate 
resonance curves recorded under identical conditions. 
In almost every case the widths of such duplicate 
curves agreed within 2 percent +0.01 mm. 

The tables also show the resulting value of R; calcu- 
lated using Eq. (2), and the values of radiation re- 
sistance calculated using Eq. (4). 

The radiation resistance values are plotted against 
frequency in Fig. 5, the range of values for all values of 
n being shown at each frequency. The broken line on 
the graph is for the equation 


Rra=55n°(d/d)? ohms. 
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TABLE III. 

, ‘ 2 5 F se 

a 3 3 2 ee " a rT) g q $ 

s 4 2 = 3 g 3% 8 8 & o,5 E 

S2 s 25 $s = g 3 et Sez a $ e+ g 

- Fe Fy 8 of 8 : g Ee i % gic Ss 
25 &, ae ae s 3 ess e3 £ 2 83 = 
ge Og cas cky CG 2 237 3! g so; B= 
2 p po Fy c= ra Os at] =e oy ~ eS 
Pp Go oe fH | | & #H « & 
& 2 c | ante a 2S = on ¢ Sm 
g He Be a5 20a 8 s $35 0 BB Fe $35 $5 
ea “as om mes nis & rt ef as & &s3 mt 
1) (2) (3) (4) (S) (6) (7) (8) (9) (10) (11) (12) 

Lo Lo 

f n Lo ALi AL: ALi AL: $BZoe-AL2 }Lo-Re R: jBZo ALi Rrad 
Mcps cm mm mm Q QO ohms ohms ohms ohms ohms 
404 2 37.1 0.68 0.27 545 1370 0.39 0.24 0.15 1.03 0.64 
4 74.3 0.87 0.50 850 1490 0.73 0.48 0.25 1.32 0.59 
6 111.4 1.03 0.67 1080 1660 0.97 0.72 0.25 1.56 0.59 
550 2 27.3 0.76 0.23 360 1190 0.46 0.21 0.25 1.57 1.11 
4 54.5 0.84 0.31 650 1760 0.61 0.41 0.20 1.74 1.13 
6 81.8 0.98 0.48 835 1700 0.95 0.62 0.33 2.03 1.08 
8 109.1 1.06 0.59 1030 1850 a7 0.83 0.34 2.19 1.02 
696 2 21.6 0.84 0.22 260 980 0.55 0.19 0.36 2.20 1.65 
4 43.1 0.92 0.31 470 1390 0.78 0.37 0.41 2.41 1.63 
6 64.6 0.98 0.33 660 1960 0.83 0.55 0.38 2.56 1.73 
8 86.2 1.08 0.45 800 1920 1.13 0.74 0.39 2.83 1.70 
10 107.8 1.17 0.52 920 2070 1.30 0.92 0.38 3.06 1.76 
918 4 32.7 1.15 0.20 285 1630 0.66 0.32 0.34 3.97 3.31 
6 49.0 1.21 0.31 405 1580 1.02 0.48 0.54 4.18 3.16 
8 65.4 1.19 0.37 550 1770 1.22 0.64 0.58 4.11 2.89 
10 81.7 1.29 0.36 635 2270 1.19 0.80 0.39 4.45 3.26 
12 98.0 1.36 0.48 720 2040 1.58 0.96 0.62 4.69 3.11 
14 114.4 1.45 0.45 790 2540 1.49 1.12 0.37 5.00 3.51 
1075 4 27.9 1.40 0.18 200 1550 0.70 0.30 0.40 5.66 4.96 
6 41.9 1.32 0.22 320 1900 0.85 0.45 0.40 5.33 4.48 
8 55.8 1.49 0.26 375 2150 1.01 0.59 0.42 6.02 5.01 
10 69.8 1.39 0.31 500 2250 1.20 0.74 0.46 5.62 4.42 
12 83.7 1.53 0.31 550 2700 1.20 0.89 0.31 6.18 4.98 
14 97.7 1.46 0.35 670 2790 1.35 1.04 0.31 5.90 4.55 
16 111.6 1.63 0.40 685 2790 1.55 1.19 0.36 6.59 5.04 








6. DISCUSSION OF RESULTS 


Because of the use of a ground plane, the radiation 
resistance measurements of Tables III and IV must 
be interpreted as representing one-half the radiation 
resistance of the test line and its image in the plane, in 
each case. For comparison with theory, therefore, the 
measured values must be doubled. Test lines of length 
nd/4 with open-circuit termination at the top (m odd) 
are equivalent to theoretical lines of length m\/2 with 
open-circuit termination at each end. Similarly test 
lines of length »\/4 with short-circuit termination at 
the top (m even) are equivalent to theoretical lines of 
length m\/2 with short-circuit termination at each end. 
The method is intrinsically incapable of measuring the 
radiation resistance of line sections terminated non- 


reflectively, or of the equivalent of line sections having - 


a short-circuit termination at each end and a resonant 
length of an odd number of half-wavelengths. 

It is clear from Fig. 5 that the theoretical prediction 
of radiation resistance varying as the square of the fre- 
quency (or of the conductor separation in wavelengths) 


is reasonably well verified. Considering an equation of 
the form 


Rraa= kn*?(d/d)* ohms, 


the data is best fitted by a value of x between 1.95 and 
2.00. The best value of k, however, is appreciably lower 
than the theoretical value of 60 found by most theories 
for lines with open-circuit terminations, and by the 
recent theory of Storer and King” for lines with both 
open-circuit and short-circuit terminations. All of these 
theories assume line conductors with vanishingly small 
radius. For conductors of diameter 0.100 inch spaced 
1.00 inch between centers, proximity effect reduces the 
square of the effective separation of the current centers 
by only } percent. It seems probable, however, that 
when the diameter of one of the conductors of a line 
subtends an appreciable angle at the center of the other 
conductor, a mutual shielding will be created which is 
not described by the proximity effect. The first, some- 
what less precise measurements, made in the present 
project involved line conductors of 3-in. diameter, with 
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TABLE IV. 
Je -) 
oS 2 
z $3 2 s8% 3 
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& oa s z = gm g gy E Sab E 
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5 ae 5S eeu Eu é $ e—3 3 32 e25 Ly 
g es ES £23 228 | 2 oat 38 at ~39 re 
g $3 Be gig 20 BSS $ 3 gun 8 ES $38 » 
é 25 gi ess 283 S 3 ess as oi ees al 
(1) (2) (3) (4) (S) (6) (7) (8) (9) (10) (11) (12) 
Lo Lo 
f n Lo ALi AL: BLi AL? 48Zoe°AL2 4Lo-Re Rt 48Zo0-AL1 Ra 
Mcps cms mm mm Q ohms ohms ohms ohms ohms 
342 1 21.9 0.52 0.16 420 1370 0.20 0.13 0.07 0.67 0.47 
3 65.8 0.80 0.44 820 1530 0.54 0.39 0.15 1.03 0.49 
452 1 16.6 0.70 0.20 240 830 0.33 0.12 0.21 1.19 0.86 
3 49.8 0.81 0.33 615 1510 0.54 0.34 0.20 1.38 0.84 
5 83.0 0.92 0.43 900 1930 0.71 0.57 0.14 1.56 0.85 
602 1 12.5 0.74 0.13 170 960 0.28 0.10 0.18 1.67 1.39 
3 37.4 0.79 0.24 470 1560 0.53 0.30 0.23 1.79 1.26 
5 62.3 0.99 0.37 630 1680 0.81 0.49 0.32 2.24 1.43 
691 1 10.9 0.78 0.13 140 840 0.33 0.09 0.24 2.03 1.70 
3 32.6 0.91 0.23 360 1420 0.58 0.28 0.30 2.37 1.79 
5 54.3 1.06 0.34 510 1600 0.85 0.46 0.39 2.76 1.91 
898 1 8.4 1.00 0.25 84 335 0.82 0.08 0.74 3.38 2.56 
3 25.1 1.11 0.27 225 930 0.88 0.24 0.64 3.75 2.87 
5 41.8 1.09 0.29 385 1440 0.95 0.40 0.55 3.68 2.73 
7 58.5 3.22 0.31 480 1890 1.01 0.56 0.45 4.12 3.11 
1045 1 7.2 1.18 0.13 61 550 0.49 0.07 0.42 4.64 4.15 
3 yi B. 1.15 0.12 187 1790 0.45 0.22 0.23 4.52 4.07 
5 35.9 1.17 0.16 310 2240 0.61 0.37 0.24 4.60 3.99 
7 50.2 1.24 0.26 405 1930 0.99 0.52 0.47 4.87 3.88 
1115 5 33.6 1.37 0.31 245 1080 1.26 0.36 0.90 5.74 4.48 
7 47.1 1.31 0.28 360 1680 1.13 0.51 0.82 5.49 4.36 
9 60.5 1.41 0.31 430 1950 1.26 0.65 0.61 5.91 4.65 
1420 1 $3 1.50 0.10 35 530 0.51 0.06 0.45 8.01 7.50 
3 15.8 1.66 0.18 95 880 0.93 0.19 0.74 8.86 7.93 
7 37.0 1.74 0.34 210 1090 1.75 0.45 1.30 9.29 7.54 








the same 1-in. center spacing. A value of about 45 was 
obtained for k, while proximity effect indicates a value 
of about 54. 

It is possible that the finite size of the ground plane 
in this work is at least partly responsible for k being 
less than 60. 

The theories of Reukema” and of Sterba and Feld- 
man!® predict a theoretical value of k, for lines with 
short-circuit termination at each end, of 3(40+80+-80) 
=100, where the 40 represents radiation from the line 
conductors, and the two 80’s represent radiation from 
the two terminations. The 3 is because of the image 
effect in. the present method. Sommerfeld”* has shown 
that, when parallel current filaments are separated by 
half a wavelength or more, their radiations are inde- 
pendent and their radiation resistances are directly 
additive. The results of Fig. 5 disagree conclusively 


**A. Sommerfeld, Partial Differential Equations in Physics 
(Academic Press, Inc., New York, 1949), p. 270. 





with this value of k, and show that, with a probable 
error not exceeding 5 percent, the radiation resistance 
is the same for lines with short-circuit termination as 
for lines with open-circuit termination. 

Tables III and IV indicate that the variation of the 
radiation resistance values with n at constant frequency 
shows no consistent trend of any kind, which permits 
the conclusion that the radiation resistance is inde- 
pendent of m. While there is a regular oscillation of 
Rraa With m at 1075 Meps in Table III, this does not 
appear at any other frequency. At 1045 Mcps in Table 
IV, Rraa diminishes steadily as m increases, while at 
691 Mcps in the same table Raa increases steadily as 
increases. 

While the spread of the radiation resistance values 
obtained for different resonant line lengths at constant 
frequency is somewhat larger than might be expected 
from the accuracy of repeatability of measurements of 
AL, and AL, for constant conditions, the randomness 
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Fic. 5. Measured radiation resistance values plotted against 
frequency. ¢—average value and total range of measured values 
for line sections with open-circuit termination at top; ¢—average 
value and total range of measured values for line sections with 
short-circuit termination at top. The broken line is for the equation 


Rraa = 552*(d/d)? ohms. 


of the variations rules out any possibility of reducing 
the spread by simply changing the value of any one of 
the variables of which AL; and AZ, are linear functions. 
No explanations involving partial excitation of unde- 
sired modes or inaccuracies in the values of the line 
conductor resistances or characteristic impedances can 
make any improvement. 

The random variation of the values of AZ» with at 
constant frequency shows up in the values of R; in 
Tables III and IV in considerably magnified form, due 
to the subtraction of the calculated effective line con- 


ductor resistance from the measured effective total re- 
sistance. Thus, when 3Zo-R, is half as great as 48Z 04 
AL», the probable error in the resulting value of R, jg 
twice as great as the probable error in AZs. The actual 
values of R; are by no means the minimum values that 
could be obtained experimentally, but were governed 
by the following experimental procedure. At a par. 
ticular frequency a suitable amount of attenuation 
cable was connected between the oscillator and the 
input coupling loop at the test line. The size of the two 
coupling loops was then adjusted to give adequate 
detector response for a short, unshielded resonant line. 
All longer lines and all shielded lines would give greater 
response at resonance for the same frequency, and when 
necessary the response was reduced to bring it onto 
the scale of the detector by inserting further attenya- 
tion in the oscillator lead. The values of R, were there- 
fore determined primarily by the desirability of ade- 
quately decoupling the oscillator from its load. 

The variation of R; from one frequency to another js 
of no significance, since the oscillator output varied 
considerably over its frequency range and the coupling 
loops had to be adjusted accordingly. 

While the average values of R; at constant frequency 
and the variation of these average values with fre- 
quency are thus explained, the variations with m of the 
values at constant frequency remain somewhat larger 
than one would expect from the estimated accuracy of 
the method. Again, as with the R,.q values, these varia- 
tions are apparently completely random, and no ex- 
planation can be based on a change in value of any of 
the line constants. If the indicated variations are real, 
they may indicate extra losses at some line lengths due 
to partial excitation of wave-guide modes in the shield 


pipe. 
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The diffusion equation for thermal neutrons in a pile with finite sides and having a three-dimensional 
lattice structure of fissionable material and moderator is solved to the first three orders by an expansion in 
spherical harmonics. This solution is used to calculate the difference in thermal utilizations of a pile of 
infinite extent and one with finite sides. From this difference is calculated an accurate expression, Eq. (24), 
for the diffusion length in a pile having a lattice structure. This expression is compared with the usual 
simplified equation for the diffusion length. The leakage of neutrons from a pile is also obtained from this 


calculation. 





I. INTRODUCTION 


HE theory of the diffusion of thermal neutrons in- 
volves a quantity, L, called the thermal diffusion 
length. For the case of diffusion in a homogeneous ma- 
terial, L can be calculated in terms of the nuclear 
constants of the material.' In the theory of piles the 
thermal diffusion length occurs in many different equa- 
tions. It has been customary! to calculate Z from the 
equation 


L.?= (1/x1?)(1— fo), (1) 


where x; is the reciprocal diffusion length in the pure 
moderator, fo is the thermal utilization in a pile with 
infinite sides, and ZL, is the approximate value of the 
diffusion length obtained from this equation. 

The iustification for the use of the approximate 
Eq. (1) has been twofold. First, for a homogeneous 
mixture an elementary calculation shows that this 
equation is correct to within a few percent, provided 
that Nooo N01, where No and N, are the number of 
atoms per unit volume in the fissionable material and 
moderator, respectively, and oo and o; are the total 
cross sections. Second, for a heterogeneous pile it can be 
shown, by weighting the cross sections with the average 


‘ neutron density in the material, that Eq. (1) is approxi- 


mately correct when the amount of fissionable material 
is such that only small changes in the thermal neutron 
distribution occur in the fissionable material. 

In view of the very approximate nature of these 
derivations and of the importance of the thermal 
diffusion length, we have undertaken a more exact 
derivation of the relation of Z to the fundamental 
nuclear constants of a heterogeneous pile containing 
spherical lumps of fissionable material arranged in a 
lattice structure. The method given here is an extension 
of the cellular method! which bas been widely used to 
calculate the thermal utilization in piles. Our calcu- 


* This work originally appeared in 1943 as reports CP-992 and 
CP-1174 of the Metallurgical Laboratory, Chicago, Illinois. This 
work was declassified on July 31, 1951 by authority of the United 
States Atomic Energy Commission. The present paper is an 
expanded and improved version of these reports. 

‘See, for example, C. D. Goodman, Editor, The Science and 
Engineering of Nuclear Powér (Addison-Wesley Press, Cambridge, 
Massachusetts, 1947) ; H. Soodak and E. C. Campbell, Elementary 
Pile Theory (John Wiley and Sons, Inc., New York, 1950). 


lations are very similar to those of Bardeen” on metallic 
wave functions. The diffusion equation for a neutron 
in a pile of finite extent is solved to the first three orders 
by an expansion in spherical harmonics. This solution 
is used to calculate the thermal utilization for a finite 
pile. A relation between the thermal utilization and 
the diffusion length allows the accurate calculation of 
the latter quantity. This method allows for the change 
in L caused by both the varying neutron density inside 
a single cell and the finite over-all gradient of the 
neutron density across the pile. 


II. RELATION BETWEEN DIFFUSION LENGTH AND 
THERMAL UTILIZATION 


The fundamental equation of pile theory is! 
—V*n=(k—1)(L?+L7?)-'n, (2) 


where is the thermal neutron density, L, is the diffu- 
sion length for the slowing down process, & is the 
multiplication constant defined as the number of neu- 
trons completing a cycle of slowing down, diffusion, 
capture, and fission per one neutron starting the cycle 
after fission. Thus 


nepofo=k, (3) 


for a pile with infinite sides, where 7 is the number of 
neutrons released per fission, ¢ is the number of neutrons 
gained through fast fission processes, fy is the proba- 
bility that a neutron escapes resonance absorption 
during the slowing down process in an infinite medium. 
In an actual pile with finite sides neutrons are lost by 
diffusion through the sides. When the neutron dis- 
tribution in such a pile is independent of time, it follows 
that 


nepf=1, (4) 


where f and # refer to the thermal utilization and proba- 
bility of escaping resonance absorption for a pile with 
finite sides. 

Consider a pile built in the form of a rectangular 
parallelopiped with sides of length /;, J2, J3. Define a 
generalized reciprocal length of the pile, s, by the 

2 J. Bardeen, Phys. Rev. 49, 653 (1936); F. Seitz, The Modern 


Theory of Solids (McGraw-Hill Book Company, Inc., New York, 
1940), Chapter IX. 
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equation, 


8=i(2/1,)+j(4/l2)+k(x/ls), (5) 


where the unit vectors point in the direction of the 
sides of the pile. 

In the usual approximation which neglects the varia- 
tions of neutron density in the individual lattice cells, 
choosing the origin of the coordinate system: at the 
center of the pile, we have that 


n= A cos(rx/l,) cos(ary/l2) cos(rz/l3). (6) 


Substituting this expression in the fundamental pile’ 


Eq. (2), using Eqs. (3) and (4) and the fact that 
fo—f<K1 and po— p<1, we may write 


Lf+L?=s*(k—-1)=ks 
X {po '(po— P+ fo "(fo—f)}. (7) 


Therefore the desired relation between the thermal 
utilization and the diffusion length required by Eq. (2) 


is that 
L?= ks fo—"(fo— f). (8) 


Thus the calculation of the thermal utilization as a 
function of the size of a pile determines the diffusion 
length. 


Ill. THE THERMAL UTILIZATION IN A FINITE 
HETEROGENEOUS PILE 


The differential equation for the diffusion of thermal 
neutrons is! 


—V°n+ x°n= bx?(Noqv)—'q, (9) 


where « is the reciprocal diffusion length, NV is the 
density of nuclei, g is the number of thermal neutrons 
produced per unit volume and time, 6=1 in the 
moderator, and 6=0 toa sufficient approximation in the 
heavy fissionable material. This is a good approximation 
unless only a very small amount of moderator is present. 

Again taking the origin of our coordinate system at 
the center of the pile, the equation for the thermal 
neutron density can be written as 


n= g(x, y, z) cos(wx/1,) cos(ary/l2) cos(az/13), (10) 


where the cosine terms represent the large scale varia- 





g20= ar" Shnor+s*{ — (1/6)ar Shxor+ (1/3) xo" Chor} 
£p0= — a Shxor+b{kor)—'{ Chor — (kor) Shor} 


ga0= — (1/6)ar Shxor+b(3xo)—!{ Chor — (kor)—!Shxor} + ¢(kor)—1{ [3 (xor)—?-+ 1 |Shxor— 3(kor)—'Chxor} 
21= a9" Chxy(r—10) + Br-'Shi(r—10) + (WN 1901)! +8*{ — 
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tion of over the pile and g(x, y,z) represents the 
individual fluctuations of m in each lattice cell. 
For purposes of calculation we shall write Eq. (10) as 


n=(1/8)g(x, y, 2) expLin(x/l+y/lo+2/ls) ] 


+seven similar terms. (11) 


The following calculations are made with only the first 
of the eight terms in Eq. (11). Since the final results only 
involve s*, it is seen that the same answers would have 
been obtained by using any of the eight terms. The 
same result follows from considerations of symmetry, 
For convenience, all of the following equations calcy- 
lated from a single term in Eq. (11) are multiplied by 
eight to give the answer from all the terms. 

The production of thermal neutrons can be written as 


g=exp(is-r). (12) 


Deviations from Eq. (12) introduce only negligible 
corrections to the present calculation. Substituting 
Eqs. (11) and (12) into (9) we obtain an equation for 
the unknown function g(x, y, z), 


—V?g—2is-Vgt+(«?+s*)g=5x?(Nogr)-. (13) 


We consider now a pile composed of spherical lumps 
of fissionable material in a simple cubic-, body-, or face- 
centered lattice. The unknown function g can now be 
considered as a function of the spherical polar coordi- 
nates r, 0, @, where the origin for these coordinates is 
now taken at the center of the cell under consideration. 
We expand the solution of Eq. (13) in a power series 
in s and the Legendre polynomials,” so that 


g(r, 0, 6) =g.(r)+-is-mg,(r)+[3(s-m)?—s* ]ga(r), (14) 


where the unit vector in the r direction is written as m. 
The radial functions within each cell associated with 
the first three spherical harmonics are g,(r), gp(r), ga(r). 
Unlike the cellular method in the theory of solids where 
the first two terms alone give a sufficient approximation, 
here the first three must be retained. 

The solution of Eq. (13) correct to terms of order s? 
can be obtained by substituting Eq. (14) into (13) and 
using well-known vector identities. The solution is 
found to be 


(15a) 
(15b) 


(15c) 
(1/6) arChx;(r—ro) — (1/6) Br Shxi(r—10) 


+ (1/3)-yei-!Shua(r—ro) + (1/3) exy'Ches(r—r0) — (x1°Nicar0)~"} (16a) 
Spi= — aChny(r—ro) — BShki(r—10) + (air) *{ Shei(r—10) — (Kir) 'Chua(r—10)} 


+ (yr) "'{ Che (r— ro) iat (kyr) Shei (r— ro)} (16b) 


gai = — (1/6) ar Chey(r—10) — (1/6) Br Shei(r—r10) + (3x1) { Shea(r— 10) — (xr) 'Chxi(r—10)} 
+ €(3«,)~"{ Chei(r—r0) — (Kir)! Shxy(r— 10) } + (Kar) —*{ [3 («ir) 2+ 1 Chi (r— 10) 
_ 3(xyr)'Shxy(r— ro) } + v(Kir)—*{[3(ayr)-2-+ 1 |Sh«(r— ro) —_ 3(kir)—'Che(r—10)}. 


(16c) 
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The subscripts 0 and 1 refer to the fissionable material where R=(Nooa0/Nica1). These nine boundary equa- 

and moderator, respectively. These solutions contain tions now determine the nine arbitrary constants in 

nine arbitrary constants, a, 6, c, a, B, y, €, u, v, which the solution given by Eqs. (15) and (16). Fortunately, 

are determined from the boundary conditions. Let ro in order to calculate f, it is not necessary to carry 

equal the radius of the sphere of fissionable material through the tedious solution of these equations for all 

and r2=7otr equal the radius of a sphere having a the nine constants. 

volume equal to the volume of the unit cell. From the definition of the thermal utilization in an 
In order to write the boundary conditions in a _ jnfinite pile, 

manageable form, we use the spherical approximation 

which replaces the actual polyhedra by spheres of 70 re 

equal volume. This approximation is familiar from the fo=[ 07 av f mir)rar| / | f rar| (19) 

theory of solids and from the usual theory of piles. 0 ro 

It has been shown that the effect of the spherical ; ; 

approximation on g, is very small.? We assume that it For convenience in further work, we define seven 

would also introduce only second-order corrections to Symbols, 


the calculation of Z through g, and gu. - Ss sll 
Three boundary conditions can be written in the D=Chxero— (Koro) 'Shnaro, 


form that g., gp, a are separately continuous at r=7ro, E=Chxyr— (kre) Shean, 
thus assuring the continuity of ” at this point. Three F=Shwy,— (kyr2)'Chxyn, 
more boundary conditions result from the continuity = | 
of m at the outer boundary of the cell. These can be HoBtare, (20) 
written as G= RShkoro— 2R(Koro)~!D+ 2ko(k1r0)—'D, 
Bot (12) = Sps(r2) = gar’ (72) =0. (17) H=GM-+xoroDE, 
The final three boundary conditions result from equat- J = R(x kyre're)—1M Shrorot ki(ko're’r2) DE. 
ing the flow of neutrons in both directions at the point : : 
r=ro. These equations can be written as From Eq. (19), a short calculation shows that 
RU g.0' (ro) — s*gao' (ro) |= Ko’Kr "| £01 (To) —s*giy’(re) |, fo= 3M D/ kok irore(r2—ro°)J. (21) 
RL Br0'(r0) + Bs0(70) J= 07s *L gos’ (ro) + 8e1(70) ], (18) Similarly the thermal utilization in a finite pile is 
R{3gao’ (rc) — 8 po(0) ]= ke?xs*[ 3gas’ (70) — gpi(r0) J, given by 





Nocavd f f { g0(7) — (S-m)*rgp0(7) — 3(8-m)*r?g00(7) }7*drdQ 
j= a , (22) 


ff {1 (o-m| dra 


Calculating f from this equation, substituting this expansion of the constant a in s*, ie., @=ado+s°aj. 
answer and fo from Eq. (21) into Eq. (8), we find that Thus a calculation of the constant @ to terms in s? and 
L?k-!= — (4/0) — (b/ 30240) nid 2 terms independent of s determines the diffusion 
ae —-r,5 3,3 ‘ - 
[(rs’—108)/1007?—10')], (23) The result of the long, but elementary, calculation of 
where dp and a, are the first two terms in a power series _ these constants is that L is given by the expression 











k 2xD ky{ro(Shxyit ky%oChxyr1)DG Ky-ro°EG kProeFG KY{rereG KoK,-%o°% 2D) 
L=—}1+4+ ee | = 








ml a 7 Boy —_ 
kK, 3kern JIM 3xo'rn JHMM 2H 6H 3HM HM 
Ki{r2D? Shy 5xokPro' DEF 2ni'rh EG 7 Kok’7ro° DE (24) 
3x JHM 3HM 3HM—“‘<ié‘C r;SC«‘*‘ 





where the symbols appearing in this equation have been give a value of L? correct to about 1- percent for any 
defined in Eqs. (20) and elsewhere. The terms are radii that are likely to be of interest. However, as 
arranged in order of decreasing importance for a_ written Eq. (24) contains all the terms independent of s 
natural uranium pile with carbon for a moderator. In appearing in the expression for ZL? under the assump- 
this particular case the first seven terms of Eq. (24) _ tions made in this article. 
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TABLE I. Diffusion length and neutron leakage from a finite pile.* 

















fo —f fom —fm 

ro r2 fo s? e/s* s? Le? L? 

2 6 0.9507 106.1 111.7 5.6 114.0 107.1 
2 7 0.9216 163.3 177.4 14.1 181.2 184.5 
2 8 0.8851 229.9 260.2 30.3 265.6 276.2 
2 9 0.8418 301.3 358.6 57.3. 365.7 375.4 
2 10 0.7931 371.6 469.7 98.1 478.2 473.8 
3 9 0.9366 129.8 138.7 8.9 146.5 139.1 
3 10.5 0.8989 199.1 221.8 22.7 233.7 234.9 
> 0.8522 277.0 325.7 48.7 341.6 3444 
3 13.5 0.7983 355.6 446.6 91.0 466.2 455.9 
3 15 0.7390 427.3 580.1 152.8 603.3 558.3 








* ro = radius of fissionable sphere in cm; rz =radius of sphere having same 
volume as unit cell; fo=thermal utilization for pile with infinite sides; 
f=same with finite sides; s =reciprocal length of pile defined by Eq. (5); 
tm =fraction of neutrons absorbed in moderator in pile with finite sides; 
e2=fraction of thermal neutrons leaking from pile; La =approximate diffu- 
sion length in cm? from Eq. (1); L =exact diffusion length from Eq. (24). 
Calculated for a natural uranium-carbon pile with R =(Novao/Nica1) 
=662.7; «eo =0.732; «1 =0.0208 (diffusion lengths in pure uranium and 
carbon, respectively). 


IV. NUMERICAL VALUES AND COMPARISON WITH 
SIMPLE FORMULA 


The importance of the various terms in Eq. (24) 
depends on both the fissionable material and moderator 
used in the pile. As an example Table I shows results 
of exact calculations of the diffusion length for a natural 
uranium-carbon pile. The following values of the con- 
stants were used in these calculations: R=662.7; 
ko=0.732; x,=0.0208. The seventh column of the 
table gives the values of the approximate diffusion 
length, Z,, calculated from the Eq. (1). This is to be 
compared to the eighth column of the table giving the 
more exact diffusion length, L, calculated from Eq. (24). 
For the radii given in the table Z, and L do not differ 
by more than 10 percent. However, this difference be- 
comes more marked for radii considerably different 
from. those given in this table. For a natural uranium- 


carbon lattice, a series expansion shows that the first 
three orders of terms in Eqs. (1) and (24) agree, but 
the series converges so slowly as to be of little practica] 
value. The functional form of these two equations js 
however, quite different, and large deviations appear 
when the qualitative conditions mentioned in the intro- 
duction are not satisfied. For piles constructed with 
other materials, the ratio of the absorption cross sec- 
tions and the magnitude of diffusion lengths in the pure 
moderator and fissionable material determine the region 
of validity of Eq. (1). 


V. LEAKAGE OF NEUTRONS FROM A 
HETEROGENEOUS PILE 


The number of neutrons diffusing from a pile per 
unit time divided by the production of thermal neu- 
trons per unit time, e, can be calculated accurately 
from the results of the previous sections. From this 
definition and substituting for the neutron density from 
Eq. (14), we find that 


e= Nyoais*xy*{ 1 — (108/1rs*)}—"{ g61(r2) +851 (r2)}. (25) 


Using the results of the previous numerical calculation, 
the values of e for a natural uranium-carbon pile are 
given in the fifth column of Table I. Defining f,, and 
fom as the fraction of the thermal neutrons absorbed by 
the moderator in a pile with finite and infinite sides, 
respectively, it follows that 


fom— fn=e—(fo-f). (26) 


From this equation the values given in the sixth column 
of Table I have been tabulated. 

The writer wishes to express his gratitude to Pro- 
fessor E. P. Wigner, who suggested this problem and 
offered much helpful advice during the course of 
the work. 
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A Mathematical Analysis of Parallel-Connected Magnetic Amplifiers 
with Resistive Loads 
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A mathematical analysis of a parallel-connected magnetic amplifier with a resistive load is presented. The 
analysis is based on two distinct analytical approximations of the magnetization curve of the core material; 
a polynomial and a hyperbolic function. The variation of the core flux and the output current of the amplifier 
as a function of time are determined by the solution of an integral equation. A finite difference method is 
developed to determine the response of the loaded amplifier that makes direct use of the magnetization 


curve of the core material. 





1. INTRODUCTION 


HE successful use of electronic amplifiers espe- 

cially in communication circuits and in control 
systems has been responsible for a great deal of the 
important progress made in electrical engineering in 
the past thirty years. In spite of their excellent per- 
formance, electronic amplifiers have two serious dis- 
advantages which limit their use particularly in mili- 
tary applications. First, the life of the vacuum tubes 
used in electronic equipment is limited, and second, 
shocks or vibrations may make them inoperative. Be- 
cause of possible failure of electronic amplifiers result- 
ing from these causes their use in military equipment 
is hazardous. 

The magnetic amplifier, also called a de controlled 
reactor, saturable reactor, and transductor being tube- 
less does not have the serious disadvantages of the elec- 
tronic amplifier. Since the magnetic amplifier contains 
no moving parts and does not require servicing it is 
ideally suited for use in the control systems of military 
equipment and manufacturing processes. 

The literature of magnetic amplifiers is growing very 
rapidly.! Many investigators have, in recent years, 
developed the theory of magnetic amplifiers basing 
their analyses on simplified idealized circuits and mag- 
netization curves. In these studies, the effects of the 
resistances of the windings are usually neglected and 
the amplifier is assumed to operate under a condition 
of no load. In the present discussion a method of analy- 
sis is presented that is applicable to the study of typical 
magnetic amplifier circuits in the presence of resistive 
loads. The comparatively simple case of the parallel- 
connected magnetic amplifier is treated in detail in 
order to clarify the general procedure, however, the 
method involved is applicable directly to other types 
of amplifiers. 

The amplifier under consideration is shown in Fig. 1. 
It consists of two identical toroidal cores with one pair 
of similar windings in series with a constant voltage 
source, and the other pair of windings in parallel with 

‘James G. Miles, “Bibliography of magnetic amplifier devices 


and the saturable reactor art,” Am. Inst. Elect. Engrs. Tech- 
nical Paper 51-388 (September, 1951). 


an alternating power source. The winding polarities 
are such that fundamental frequency voltages induced 
in the two control windings are in opposition so that 
no power frequency current flows in the control circuit. 


2. NOTATION AND GENERAL EQUATIONS 


Consider the circuit diagram of the magnetic ampli- 
fier of Fig. 1. The following notation will be used in the 
analysis of this circuit: 


Eo= the applied de control potential. 
E,, sin(wt)= the applied ac output potential. 
Ro= the total resistance of the control windings. 
R,,= the resistance of the output windings. 
R,= the resistance of the load. 
No=the number of turns of the control windings. 
N=the number of turns of the output windings. 
ga= the magnetic flux of core a. 
¢»= the magnetic flux of core 0. 
l=the average length of the magnetic cores. 
S= the cross-sectional area of the cores normal to 
the flux path. 
B=the magnetic induction of a core. 
H=the magnetic intensity of a core. 
ig= the control current. 
11, 72= the loop currents of the output circuits. 
uo= the initial permeability of the core material. 
Lo= N*Syo/l= the initial inductance of an output 
winding. 
m=2R,/L =a constant. 
To=Lo/2Ri=1/m=the effective time constant of 
the amplifier circuit. 
go= Nolo/NRo= a constant. 
B=2R,NoE)/RoN?. 
Z=(m?+w*)!=a constant. 
#=tan—(w/m)=a phase angle. 
H=k,B+k;B’=an analytical approximation of 
the magnetization curve of the core material. 
k:=1/po, k3=constant, determined from the mag- 
netization curve. 
H=U sinh(kp)=an analytical approximation of 
the magnetization curve of the core material. 
Uk=1/Swo, U and k constants determined from the 
magnetization curve. 
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P= kgoEo/N, Q=kEm/NZ. 
I,,(x)=the modified Bessel function of the first kind 
of order n.? 
F(¢) = (2R1I/N*)H(¢), H(¢)=the magnetization 
curve. 


The Fundamental Equations of the Amplifier 


If Kirchhoff’s electromotive force law is applied to 
the three loop currents of Fig. 1, the following equations 
are obtained: 


Eo= Roiot+ No(bat¢r). (2.1) 
Em sin(wt) = Ry(i;+i2)+ Rwii t+ Nda. (2.2) 
En sin(wt) = Rz(i;+i2)+ Ruie— Nos. (2.3) 


The following equations are obtained by applying 
Ampére’s law to the magnetic circuits of the cores a 
and b. 


Noiot Ni; =1H =H (¢,). 
Noio— Nie= lH,= 1H (>). 


(2.4) 
(2.5) 


The magnetization curve of the core material may 
be expressed in the form, 


H.=H.(¢a). (2.6) 
H.=H2(¢>). (2.7) 


Equations (2.1)-(2.5) are five equation in the five 
unknown quantities, 7, 71, 72, da, and ¢». The general 
solution of these equations presents formidable diffi- 
culties. However, in practice, the load resistance, Rz, 
is usually small in comparison with the winding re- 
sistance, R.. If the assumption R,<«R, be made, then 
(2.2) and (2.3) reduce to 


Rxi(is+ ie) = ze sin(wt) —N¢,= | & sin(wt)+N dr. 


Hence, 


(2.8) 


dat oo=0. (2.9) 


If now (2.3) is subtracted from (2.2) the result is, 
O= Ru(i;—i2) +N (Gato). 


(2.10) 











Fic. 1. 


2 Jahnke-Emde, Tables of Functions (Dover Publications, New 
York, 1943), pp. 232-233. 
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Hence, 
Ru(ti—t2) =0, (2.11) 
or, 
1; = 12. (2.12) 
Equations (2.9) and (2.12) greatly simplify the analysis, 
The Flux Equation 


As a consequence of (2.12), (2.2) may be written in 
the form, 


2i:Ri=E,,(sinwt)— Nda. (2.13) 
(2.4) may be written in the form, 
i= (H.—Noin)/N. (2.14) 
If use is made of (2.9), (2.1) reduces to 
in= Eo/Ro. (2.15) 


(2.14) and (2.15) may now be substituted into (2.13) 
and the result written in the following form, 


21R1 | 2RiNoEo 
H,=— sin(wt)+——_-. 
N? N N2R 


0 


dat 





(2.16) 


This equation determines the variation of the core ‘ 


flux, ¢2, with time. The load current, 7,=2%;, may be 
obtained from (2.13) in the form, 


it=[En sin(wt)— Noda |/Rx. (2.17) 


Hence, if the core flux ¢, is determined by solving 
(2.16), the load current may then be determined by 
(2.17). 


3. RESPONSE BASED ON A POLYNOMIAL 
MAGNETIZATION CURVE 

In order to study the response of the magnetic 
amplifier mathematically, it is necessary to introduce 
the magnetization curve, H(¢), of the core material 
into Eq. (2.16). In this section the calculations will be 
based on the following polynomial representation of the 
magnetization curve of the material of the core, 


Ho=kiBotksB?. (3.1) 


k, and k; are constants obtained so that (3.1) will give 
a good fit to the B—H curve of the core material. It 
can be seen that ky=1/yuo, where yo is the initial per- 
meability of the core material. Since the flux, ¢,, is 
given by B,=¢.,/S, (3.2) may be written in the form, 


H,.= kiba/S+ k3o./S?= Cidat aha’. (3.2) 
If (3.2) is substituted into (2.16), the result is 


NoEo 


(3.3) 





1 En 
bat 2Ri—(cibdat 362°) = — sin(wt)+2Rz 
N? N 


0 


This equation may be written in the form, 
2Rt les En . 
da+—o.t 2Ri—?.' = — sin(wt) 
Lo N? N 
+2RiNoEo/RoN?, (34) 
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where 
Lo= N*Spo/1. (3.5) 


This is the effective initial inductance of a core winding. 
Equation (3.4) is a nonlinear differential equation for 
the determination of the core flux, ¢,. The transient 
and steady-state oscillations of the magnetic amplifier 
may be obtained on the supposition that the circuits 
are energized at t=0 so that we have the initial condi- 
tions, that at ‘=0, ¢.=0. Write (3.4) in the form, 


En 
dat mboa= WV sin(wt)+A — Azha', (3.6) 
i 
where, 
m= 2Rz/Lo, A= 2RiN oEo/RoN’, 
a3=2Rz1k3/N?*S*. (3.7) 


To solve (3.6) introduce the following Laplace trans- 
forms, 


Loa(t)=¢a(p), (3.8) 
then the Laplace transform of the Eq. (3.6) is 
r Enw 
(p+m)$.=———_+ A—a;1¢,3(t)? (3.9) 
N(p?+w”) 
Therefore, : 
- Enwp A a;L¢,°(t) 
$a(p) = + (3.10) 





N(p-+m)(p+u*) (ptm) (ptm) 


The inverse transform of (3.10) may be obtained by 
the use of a table of transforms and the Faltung 
theorem of the Laplace transform theory. It is given by, 


we em 
d= Ea + 
NU(m?+w*) w(m?)!+-w* 





+—(1 a gm) 


m 


sin(wt— 6) A 
fi 


t 
—a; f emt“) 4 3(u)du, tand=w/m. (3.11) 
0 


Equation (3.11) is a form of Lalesco’s nonlinear in- 
tegral equation.‘ This integral equation may be written 
in the following form, 


t 


sat) =0lt)—as f em (tu) 4 3(u) du, (3.12) 


0 
where 


do(t) = Face Z?+sin(wi—6)/wZ | 


+A(1—e-™)/m (3.13) 


3L. A. Pipes, Applied Mathematics for Engineers and Physicists 
(McGraw-Hill Book Company, Inc., New York, 1946), p. 587. 

*E. G. Keller, Mathematics of Modern Engineering (John Wiley 
and Sons, Inc., New York, 1942), p. 294. 





and, 
Z = (m?+-w*)}. (3.14) 


The integral equation (3.12) may be solved by setting 
up the following sequence of equations, 


o1(4) = do(t) — a3 femgeu)d, (3.15) 


0 


t 
odo ~ee f em-Wg.3(u)du, (3.16) 
0 


eee eee eee eee eee eee eee eee eeeeee 


t 
ni~elime f e-mt—-Wg3(u)du. (3.17) 
0 


It can be shown® that the foregoing sequence con- 
verges rapidly and that the"solution of the integral 
Eq. (3.12) is given by 

da(t)= limit¢,(Z). (3.18) 
The function, ¢o(¢), is the first approximation to the 
solution, the function, ¢;(#), is the second approxima- 
tion, etc. It can be seen from the above, that the 
quantity e~™ is of importance in the subsidence of the 
transient terms. By analogy with the theory of linear 
electrical circuits, the quantity, 


To = Lo/2Ri=1/m, (3.19) 


may be defined as the effective time constant of the 
magnetic amplifier circuit. 


The Steady-State Load Current 


If ¢, from (2.16) is substituted for the expression 


given by (2.17) for iz, the resulting equation for the 
load current is, 


ip=2Noa/Lo—2NoEo/RoN+21k3$.?/NS*. (3.20) 


The steady-state solution for the first approximation 


of the flux ¢,(¢) is given by (3.13) for large values of 
time in the form 


A sin(wt—6@) 
Pos =—+ =. 


6=tan—(w/m). 
m N Z 


(3.21) 


In the usual application, w/m=wL)/2R i>>1, so that 
§=7/2. In this, we have, 


A cos(wt) 
do ‘ee - 
m N Z 





(3.22) 


This is the first approximation of the steady-state 
flux, das. If (3.22) is substituted into (3.20) for ¢., the 
first approximation of the steady-state load current, 


5 Vito Volterra, Lecons sur les Equations Intégrales (Gauthier- 
Villars, Paris, France, 1910). 
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iz,, is obtained in the following form, 


cos(wt) 21k; 
tL. —2En + 








[A/m— E,, cos(wt)/NZ} 

















LoZ NS 
2k 3 coswt 
= (ott 3g0EoE. 2/22") = 
N4AS3 Z 
cos(3wt) 
x (g° Ee Emt+ En? /4Z?) ra Ey? 
21k; cos(2wt) cos(wt) 
+] sgoBob |-2= , (3.23) 
N4S* 22? 
where 
so= Nolo/NRo. (3.24) 


It is seen that to this approximation, the load current 
contains a direct current component as well as second 
and third harmonics of the output potential. The higher 
order approximations indicate the presence of har- 
monics of higher order and small amplitudes. 


4. RESPONSE BASED ON A MAGNETIZATION CURVE 
REPRESENTED BY A HYPERBOLIC SINE FUNCTION 


For purposes of comparison, the calculation of the 
response of the magnetic amplifier will now be based 
on the following representation of the magnetization 
curve of the material of the core, 


H,=U sinh(ko.), (4.1) 


where U and & are constants chosen in such a manner 
that (4.1) will be a good approximation to the mag- 
netization curve of the core material. It is seen that for 
very small values of ¢,, we have, 


Ha~Uk-bo. (4.2) 


Hence, it is seen that the constants U and k satisfy the 
following relation. 


Uk=1/Syo, (4.3) 


where yo is the initial permeability and S is the cross- 
sectional area of the magnetic circuit. 

In order to compute the flux variation on the basis 
of the hyperbolic sine approximation of the magnetiza- 
tion curve, (4.1) is substituted into (2.16) and the 
following equation obtained for ¢a. 


a 


U si 


nh 
(ka) = 


N? 


sin(wt) 


bat 2IRz 








i 


+2R,NoEo/N?Ro. (4.4) 


If the flux variation were such that the flux always 
remained small, then the approximation (4.2) indicates 
that in such a case the differential equation that 


PIPES 


governs the flux variation would be 


Us 
bo+21Ri—e= = sin(wt)+2RiEo/N*Ro. (4.5) 


This is a linear differential equation and it is recog- 
nized that Ukl/N*=1/N*Suo=1/Lo, where Lo is the 
initial inductance of the core. This suggests adding the 
quantity 2Ri¢./Lo to both members of Eq. (4.4) 
and writing it in the form, 


E 
ga+2R1¢./Lo= rr sin(wt)+ A 
2R1 1 
+—]o.-2 sinh(kp,) |. (4.6) 
Lo k 
This equation is similar to (3.4). By the same procedure 


explained in Section 3, it may be transformed into the 
following integral equation, 


t sink 
balt)=6u(0)-+m f enn oa(u)—— bale) | (4.7) 


In this case the solution is obtained as the limit of 
the following sequence, 


. sinh 
¢:(t) = 6u(t)+m f em dul) ~—he() fi (4.8) 


t 


brea do(l)-+m f mens 


| sinh 
x Ee ~ oo } (4.9) 


so that 
Limitd,= ¢z. 


ra 
This process leads to the same for for the time con- 
stant, JT, as the polynomial approximation of Sec- 
tion 3. 


The Steady-State Solution 


The steady-state current, iz, may be obtained by 
substituting ¢, from (4.4) into (2.17) and obtaining, 


2N 
in =— sinh (ka) —2N oo/RoN ° 


0 


(4.10) 


To calculate the first approximation of the steady-state 
load current, do, as given by (3.21) may be substituted 
for ¢, in (4.10) and the result written in the form, 


2N kA kE, 
ip=— sini —— — cost —2NoEo/RoN. (4-11) 
Lok m NZ 


The harmonic content of the steady-state load cur- 
rent may be obtained by_means of (4.11) and the fol- 
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ANALYSIS OF PARALLEL-CONNECTED 


lowing expansions in terms of modified Bessel functions 
of the first kind, 7,(x). 


cosh[_x cos(wt) ]=Io(x)+2 > Ton(x)cos(2nwt) (4.12) 


n=l 
sinh[x cos(wt) |= 2 > 2 T 2n41)(x)cos(2n+1)wt.6 (4.13) 
n=1 


If the hyperbolic sine in (4.11) is expanded and the 
relations (4.12) and (4.13) are used, the steady-state 
load current may be written in the following form, 


2N Pa 
i= sinh(P)[To(Q)+2 > Ien(Q)cos(2nwt) | 


4N o 
— cosh(P) 2 {I cen+1)(Q)cos[ (2+ 1) wt }} 


0 


—2Eogo/Lo (4.14) 


where 


P=kgoEo/N, Q=kEn/NZ. (4.15) 


The expression (4.14) indicates the relative magni- 
tudes of the various harmonics of the steady-state 
load current. 


5. THE RESPONSE OF THE AMPLIFIER CALCULATED 
BY THE METHOD OF FINITE DIFFERENCES 


The two methods of analysis presented above are 
based on analytical approximations of the magnetiza- 
tion curve of the core material. A method based on the 
calculus of finite differences will now be presented for 
the computation of the amplifier response when the 
magnetization curve is given graphically. 

The differential equation, (2.16), for the determina- 
tion of the core flux, ¢,4, is a nonlinear equation of the 
first order, and hence, ai approximate solution may be 
efiected by the method of finite differences. In order to 


do this, replace the continuous time variable, t, by 
t=rh, r=0, 1, 2, 3,4, --- (5.1) 


and h, the tabular interval. A practical procedure is to 
take h a certain fraction of the period, T= 27/w, of the 


®N. W. McLachlan, Bessel Functions for Engineers (Oxford 
University Press, London, 1934), p. 50. 
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applied output potential, say, 
h=T/24. (5.2) 
The derivative, ¢, may be approximated by, 
b~ (br41— $1) /h= ba. (S.3) 


If this is done, Eq. (2.16) may be replaced by the 
difference equation, 


h 
or+i= ee sin(rr/12)+hA—hF(@,) 
r=0, 1, 2,3,4,---, (5.4) 
where ¢o9=0, and 


2IRz 
F(¢)= eh A=2R,NoEo/N?Ro. (5.5) 


The function F(¢) is proportional to the magnetization 
curve H=H(¢). Equation (5.4) enables successive 
values of ¢ to be computed and thus ¢, may be obtained 
as accurately as desired. The load current, iz, is ob- 
tained by substituting 


En 
ent) sin(wt)-+A—F(¢), (5.6) 


into (2.17). This gives, 
1 

i= pie) AN J=teh) with iz(0)=0. (5.7) 
L 


This procedure gives an approximate method for 
determining the time required for the flux and current 
to reach a steady-state oscillation and thus enables the 
approximate time constant of the circuit to be de- 
termined. 


VI. CONCLUSIONS 


The above analysis indicates that the response of 
magnetic amplifiers of the type considered may be 
studied by the solution of a nonlinear differential equa- 
tion of the first order. The methods presented show that 
in addition to the conventional treatment, it is possible 
to write the fundamental nonlinear differential equa- 
tions of this type of circuit and that the application of 
the methods of nonlinear mechanics to their solution 
leads to interesting and useful results. 
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A Study of the Annealing Kinetics in Cold Worked Copper* 


Dwain Bowen, R. R. EGGLESTON, AND R. H. Kropscuotr 
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The resoftening kinetics for cold work in copper have been studied using residual resistance as a measure 
of the degree of recovery. The specimens were quickly heated to the annealing temperature, held at tempera- 
ture for a measured time, and quenched for measurement. It was assumed that the cold work could be 
characterized by a number of lattice defects m and that the residual resistance change produced by these 
defects obeyed Matthiessen’s rule. It was found that the resoftening could be represented by a single process 
of activation energy 28.3 kilocalories per mole. The complete annealing kinetics are described by a fourth- 


order reaction, dn/dt= —vn‘e~#/87 





I. INTRODUCTION 


HE temperature dependence of the annealing of 
cold work in metals suggests that this process is 
governed by some type of kinetic reaction. To study 
these kinetics in detail it is necessary to know the de- 
pendence of the property measured on the configuration 
of the material during annealing. For this reason, resi- 
dual resistance in copper was chosen as the property to 
be measured since it was felt a reasonable assumption 
could be made about its dependence on cold work. The 
degree of cold work was characterized by a concentra- 
tion of lattice distortions that are annealed by thermal 
treatment. In the present fashion these distortions 
would be called dislocations, but since no detailed de- 
scription of the distortion is required for this study the 
more general terms will be retained. 
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Fic. 1. Low temperature resistance of a copper 
wire—time of anneal as parameter. 


* This paper is based on studies conducted for the AEC under 
contract AT-11-1-GEN-8. 


It was assumed that the distortions change the 
scattering cross section for electron waves but do not 
change the number of carriers. If this be so, then Mat- 
tiessen’s rule will be obeyed, and the change in residual 
resistance from the dead annealed condition will be 
proportional to the concentration of lattice distortions, 
On the basis of this set of assumptions a series of residual 
resistance measurements were analyzed. 


Il. EXPERIMENTAL 


The low temperature measurements of resistance are 
made by standard potentiometric methods. The tem- 
peratures at which the measurements are made are 
determined from a calibrated platinum resistance 
thermometer. The required low temperature is obtained 
in a secondary cryostat as described by Smith and 
Kropschot.! It consists of three concentric Dewar 
flasks, the outside one containing liquid nitrogen, the 
intermediate one containing liquid helium, and the 
inner one containing the specimen, the platinum re- 
sistance thermometer, and a graphite heater. Liquid 
helium, supplied by a Collins helium cryostat, initially 
fills both the intermediate and center Dewars for a 
measurement at the helium point. Subsequently, the 
helium in the center Dewar is evaporated by using the 
graphite heater. A heat exchanger together with the 
above-mentioned graphite heater make it possible to 
attain the desired temperature with a temperature 
stability of 0.2°K. By placing the specimen and ther- 
mometer in close contact, the specimen temperature can 
be measured to an accuracy of 0.5°K in the range 10° 
to 40°K. 

The very low resistivity of Cu at the liquid helium 
point made the use of long wires with small cross-sec- 
tional area desirable. The wire} was continuously cold 
drawn at room temperature from No. 25 to No. 40 
B. and S. gauge, giving a reduction in cross-sectional 
area of 96.9 percent. It was assumed that the treatment 
produced uniform homogeneously cold worked wire of 
constant diameter. The purity of the copper was not 
definitely established, however; the copper plus silver 


'C. A. Smith and R. H. Kropschot (to be published). 
ft Kindly furnished by the Anaconda Wire and Cable Company. 
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assay ran at a minimum of 99.952 percent and was 
oxygen free. 

The specimens are approximately 14 inches long and 
are wound on a fired lavite form to avoid handling and 
prevent shorting. The lavite holder is designed so that 
the specimen is in contact with it over only a small 
fraction of its total length, thus giving the specimen a 
very fast response to temperature variations. The ends 
are silvered soldered to copper lugs on the lavite holder. 
This procedure undoubtedly anneals the ends; however, 
it is limited to less than 1/4 inch at the end, or less than 
4 percent of the total length. There are no other oppor- 
tunities for the specimens to receive an unknown 
thermal treatment. 

The annealing of the specimen is done by subjecting 
it to “pulses” of temperature, with a measurement of 
residual resistance between each pulse. Ideally, the 
temperature pulse can be thought of as an instantaneous 
rise to the desired temperature, an accurately known 
time at temperature, and an instantaneous quench back 
again to the base temperature. Experimentally, the 
sample is immersed for a known time in a bath of molten 
wax maintained at the desired temperature, then 
quenched in a bath of carbon tetrachloride at room 
temperature. Uncertainties in time-temperature history 
of the pulses have been made as small as possible, both 
by favorable wire holder design as discussed above, and 
by making the heat capacity of the temperature bath 
orders of magnitude greater than the holder and its 
specimen. It is estimated that the time required to get 
to temperature is less than 4 seconds while the quench 
time is not greater than 1 second. The annealing and 
quench techniques were checked for possible chemical 
effects on the specimen but none were found. 

The electrical resistance of the as-drawn copper wire 
and the resistance after successive anneals at 175°C, 
for periods varying from 1 to 170 minutes duration, are 
plotted against the absolute temperature of measure- 
ment in Fig. 1. In each test, the resistance was meas- 
ured to 30°K as a partial check of the assumption that 
Matthiessen’s rule is obeyed. If this be true, then the 
change in resistance on annealing should be the same 
at the various temperatures of measurement. These 
differences are plotted as a function of temperature of 
measurement in Fig. 2. The differences are sensibly 
constant to 20°K. 

Since only differences in residual resistance are re- 
quired, the value at the helium point (4.2°K) was used 
in all calculations rather than an extrapolation to 0°K. 
In the remainder of this paper, the resistance at 4.2°K 
will be referred to as the residual resistance. 

By using this thermal pulsing technique the residual 
resistance can be ohfeined as a function of time for 
various annealing temperatures. These data are il- 
lustrated in Fig. 3, for annealing temperatures from 
100°C to 250°C. For each temperature the annealing 


‘curve is obtained on a single sample, but the curves 


for the several temperatures had to be made on separate 
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Fic. 2. Low temperature change‘of resistance of a copper 
wire—time of anneal as parameter. 


samples. Since complete uniformity of the wire was 
assumed, the data were all normalized to an initial 
resistance of 0.0425 ohm. 


Ill. TEMPERATURE DEPENDENCE 


Using the isothermal data of Fig. 3, cuts were made 
at various values of residual resistance, and for each 
cut the logarithm of the time required to reach that 
value of resistance was plotted against the correspond- 
ing reciprocal of the absolute temperature of anneal. 
These data fall quite closely on straight lines as shown 
in Fig. 4. Since each cut gives a straight line and the 
lines are all reasonably parallel, one can infer that the 
rate of annealing is determined by a single activation 
process over the entire temperature range, 


ratewe F/R, (1) 


where £ is the activation energy, R the gas constant, 
and T the absolute temperature. The activation energy 
is obtained from the slopes of the straight lines. The 
average value is 28.8 kilocalories per mole with a 
standard deviation of 3.9 percent. 

This technique for analyzing the data for activation 
energy does not depend on knowing the connection be- 
tween lattice distortion and property measured; in fact, 
any property sensitive to the annealing could be used 
in such a determination. Decker and Harker* used the 
intensity of x-ray diffraction lines to obtain a value of 
22.4 kilocalories per mole for spectroscopic copper, and 
29.9 kilocalories per mole for o.f.h.c. copper. 

From these considerations a single activation energy 
(perhaps dependent on the purity of,the sample used) 


? B. F. Decker and D. Harker, Trans. Am. Inst. Mining Met. 
Engrs. 188 (1950). 





BOWEN, 


EGGLESTON, AND KROPSCHOT 














: 





ZT 
ft 
/ 


/ | 


+ 
- 


“0 100 °C _— oF 






























































. 1 
‘ -_" ANNEAL 
7 MK 4 Re. 
PORN Dp 
: 20 ne i! « J 
‘ on oe on Se 
Ps |p] a] 2s I75 °C 
PH. 7 Ses bee °¢ 
. a {a 


TIME OF ANNEAL ( minutes) 


Fic. 3. Isothermal annealing of residual resistance. 


appears to be valid over the entire temperature range 
that was investigated (100°C to 250°C). This covers the 
range that is usually described by the term resoftening 
and extends into the region of recrystallization. Any 
detailed kinetics that are proposed must be consistent 
with this phenomenological value of activation energy. 


IV. DETAILED KINETICS 


Let the number of lattice distortions per unit volume 
be designated by the symbol m. Equation (1) can then 
be written 

dn/di~we—#/RT, (2) 


In accordance with chemical rate formalism this equa- 
tion can be completed by setting the proportionality 
constant equal to —v,/n*, 


dn/dt= —v,'n%e~#!/R®T, (3) 


where a is the order of the reaction, and is probably an 
integer, and v,’ is the frequency factor corresponding 
to the order a. Other investigators’? have tried to 
interpret their data on the basis of a rate equation, but 
in each case they have tacitly assumed that the reaction 
was of first order (a=1). In the present study the value 

3G. W. Brindley, Phys. Soc. Rept. Conference on Strength of 
Solids, 95 (1948). 

*'M. Balicki, J. Iron Steel Inst. 151, 181 (1945). 

°>P. C. Varley, J. Inst. Metals, 75, 185 (1948-49). 


® M. Cook and T. Richards, J. Inst. Metals, 73, 1 (1947). 
7W. F. Brandsma, Z. Physik. 48, 703 (1928). 


of a was determined as the integer value that most 
adequately described the data according to Eq. (3). 

By virtue of the assumption that Matthiessen’s rule 
is obeyed, one can write 


(p—po)~n, (4) 


where p is the residual resistance and pp is the residual 
resistance of the sample in the dead annealed condition. 
Combining Eqs. (3) and (4) one has 


d(p— po) 
dt 


= — Valp— po)%e~#/RT. (5) 


For an anneal at constant temperature such as was ob- 
tained in any one of the temperature pulses, Eq. (5) 
integrates to 


yae~#/RT = K,(T) 


1 1 1 
(a—1)(t;—ti-1) 1 (pi—p0)*" ~— (pi-1— po) 7 


where p; is the residual resistance after the ith pulse in 
the data of Fig. 3 and (¢;—4_,)‘1s; the duration of the 
pulse. 

The data for each temperature pulse were inserted 
in Eq. (6) for a variety of choices of a, and the corre- 
sponding K,(7) computed. A value of 0.01 ohm was 
used as the dead annealed value of residual resistance, 
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Fic. 4. Phenomenological determination of activation energy. 


po. This value was chosen as the asymptote that the 
data of Fig. 3 were approaching. A long time anneal 
at 450°C gave a somewhat lower value, but the grain 
growth was extreme. In any case, the value of K, is not 
sensitive to the choice of po within a range that is reason- 
able, with the possible exception of the 250°C anneal. 
For this special case pp and a@ were both varied to give 
the most consistent K, (250°C). A residual resistance 
of 0.0098 ohm was found best. 

All K.(T) having the same value of T and a were 
grouped together. One now has two criteria to decide 
the correct value of a: at a given temperature and order 
all the Kq should be equal; and when the logarithm of 
K, is plotted against the reciprocal of the absolute 
temperature one should get a straight line with slope 
equal to the previously determined activation energy, 
28.8 kilocalories per mole. These criteria are summarized 
in Figs. 5, 6, and 7. It is apparent that of these values for 
a, 4 is the best choice. It has the least spread in K at a 
given temperature, and the slope of 28.3 kilocalories 
per mole falls within the standard deviation of the pre- 
vious determination of activation energy, while a=3 or 
5 have both a wide spread in K at each temperature, 
and the activation energies are more than 15 percent 
different from the previous determination. For a values 
of 2 and 6 the deviations are even larger. The data for 
the 100°C and 125°C anneal deserve special attention 
since they do not all fall on the 28.3 kilocalorie per 
mole line. The sequence of pulses (pulse number) has 
been indicated on Fig. 6 for these data. It is evident from 
this sequence that K, tends toward the 28.3 kilocalorie 
per mole line for large pulse numbers. This effect at the 
low temperatures of anneal could be produced by 
inhomogeneity in the initial cold work. In particular, a 
surface layer only a few ten thousandths of an inch 
thick with an appreciably higher concentration of 
lattice distortions than the bulk of the material could be 


responsible. In the 150°C anneal only the first pulse 
shows the effect (K, is too large). The data for the 
higher temperatures of anneal are not affected because 
the change in the bulk of the material is then large 
enough to mask the effect in the first few pulses when 
it should be observed. From this one can conclude that 
the annealing proceeds as 


d(p— po) 
——— = — »4(p— po) *e-#/#7, (7) 
dt 
or 
dn 
—= — py nse- BIRT, (7a) 
dt 


with an activation energy of 28.3 kilocalories per mole 
(the value as determined from Fig. 6 is taken as the 
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Fic. 5. Third-order kinetics. 
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Fic. 6. Fourth-order kinetics. 


most properly weighted average) and a frequency factor 
of 10'* ohm~ minute or 6.7X 10* ohm~ centimeter 
second", 


V. A RE-EXAMINATION OF ASSUMPTIONS 


A fourth-order reaction kinetics is sufficiently un- 
conventional that many may find it difficult to accept 
the usual implication that the order of the reaction 
indicates the number of reactants (in this case, lattice 
distortions) that cooperate in each individual event. 
It may be that the actual kinetic picture is different 
from this, but it must approximate this simple fourth- 
order reaction. It is possible that the assumptions con- 
cerning the connection between residual resistance and 
lattice distortions are in error. If one assumes that the 
lattice distortions anneal as a first-order reaction, 
but the connection between lattice distortions and 
change in residual resistance is such as to give a fourth- 
order reaction on resistance; then one must have that 


d(p— Po) 
n————~ (p— po)* (8) 
dn 
or 
—n~[e-v-ro)*®— 1], (9) 


If one assumes a second-order reaction on m, then 


1 1 1 (10) 
n (p—po)® (pi- po) 
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Fic. 7. Fifth-order kinetics. 


While it is possible that the residual resistance has one 
of these dependences (Eqs. (9) or (10)), it is difficult to 
appreciate why this would be so, particularly since they 
are both rather violent functions. 


VI. DISCUSSION 


If one accepts the implications of four-element : 


cooperation contained in the previous formulation, 
then this represents a stringent boundary condition on 
any theory of plastic deformation. The lattice disorgan- 
ization that results must be of such a nature that four 
element cooperation is possible. The authors have not 
investigated all the current theories in detail to see for 
which ones this is possible. In no case is it immediately 
apparent how to achieve the cooperative action. 

The fourth-order kinetics is of such a nature that if 
one fits a first-order equation to the initial portions of a 
constant temperature annealing curve, then the latter 
portions will seem to be annealing too slowly for the 
first-order theory. This may be the reason several 
investigators have had to assume two processes taking 
place in the lattice in order to adequately describe their 
data. If this be so, then perhaps resoftening and re- 
crystallization are only two aspects of the same process. 
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Chemical Reactions in Barium Oxide on Tungsten Emitters* 
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When barium carbonate is heated in vacuum in contact with tungsten, the following reactions may 
occur in sequence as progressively higher temperatures are reached: (1) WO;+BaCO;@BaWO,+CO:. 
(2) 3BaCO;+W=Baz;WO,+3CO. (3) BaCO;—Ba0+COs>. (4) 6BaO+W—BasWO,4+3Ba. 

At a temperature of approximately 600°C, reaction (2) begins to occur with appreciable speed. Re- 
action (3) proceeds at 800-900°C. Reactions (2) and (3) may be made to proceed simultaneously, the 
preponderance of one over the other depending upon state of subdivision and intimacy of admixture of the 
reactants. Under favorable conditions, reaction (2) may be driven to completion with almost total absence 
of reaction (3). Reaction (4) progresses with appreciable speed at temperatures over approximately 1000°C. 

Activated cathodes of BaO on W will have an interface of BasWO, formed by reactions (2) or (4), or 
both, unless unusual precautions are taken to avoid this. The end result of heating the cathode is the con- 
version of the entire thickness of the oxide coating to the basic tungstate. The resulting coating of BasWOg 
on W is unreactive and nonvolatile at temperatures up to 1300°C, and provides no significant thermionic 


emission. 





INTRODUCTION 


KNOWLEDGE of chemical reactions occurring 

in barium oxide on tungsten cathodes should aid 
in understanding many factors of interest, such as the 
processes determining life of the cathode, and the 
formation of interface layers possibly affecting electrical 
properties of the cathode. 

A limited amount of previous work dealing primarily 
with the identification of the interface compounds 
formed in alkaline earth oxide on tungsten cathodes 
has been published; Rooksby and Steward! have first 
described the identification of compounds having the 
formula R3;WO, at the interface of alkaline earth oxide 
on tungsten cathodes. Subsequently, Hensley and 
Affleck? have studied the formation of interface com- 
pounds in barium oxide on tungsten cathodes. Though 
erroneously identifying the interface as barium tung- 
stite, as admitted in a later publication,* Hensley and 
Affleck present interesting and useful information. They 
show that the interface compound is stable in air, at 
least for the time required to obtain the x-ray diffraction 
pattern. By evaporation of BaO onto a cold tungsten 
wire which had immediately before been cleaned by 
flashing to 1800°C, followed by heating the BaO 
coating on tungsten at 850°C for 24 hours, they find 
an interface compound (now known to be Ba;WOg) to 
be formed. From this experiment it might be concluded 
that Ba;WO, can be formed by reaction at 850°C 
between W and BaO. Hensley and Affleck also show 
that, in the case of BaCO; coatings on W, an interface 
of 1.5X10-* cm thickness is formed during the 10 
minutes required for conversion of BaCO; to BaO, and 
that this thickness remains unchanged throughout 1000 
hours subsequent operation at 875°C. The present 

* Presented at the meeting of the Division of Electron Physics, 
ca Physical Society, Washington, D. C., November 1, 

1H. P. Rooksby and E. G. Steward, Nature 157, 548 (1946). 


*E. B. Hensley and J. H. Affleck, J. Appl. Phys. 21, 938 (1950). 
+E. B. Hensley and J. H. Affleck, J. Appl. Phys. 22, 359 (1951). 


authors consider this result inconsistent with the finding 
of reaction between BaO and W in 24 hours at 850°C 
or alternately, to indicate that equilibrium cannot be 
established at 850°C between the barium oxide and 
tungsten, when these are separated by an appreciable 
thickness of tungstate. Hensley and Affleck also report 
that when a mixture of powdered tungsten and barium 
carbonate was coated on a cathode sleeve and heated 
in vacuum, a large percentage of tungstite (actually 
Ba;WO,) was formed. 

In a subsequent paper commenting on Hensley and 
Affleck’s results, Rooksby and Steward‘ offer the follow- 
ing explanation: 

“The observation that the barium compound could be 
formed from a mixture of BaCO; and powdered tungsten 
on heat treatment in a very high vacuum may be ex- 
plained in the following manner. For production of the 
Ba;WO, compound from such a mixture, limited oxida- 
tion of the tungsten is first of all required, and such 
oxidation is a possible consequence of degassing of the 
barium carbonate. It follows as a result of the limited 
oxidation that a high concentration of barium oxide in 
proportion to tungsten oxide exists in the mixture. 
Thus, Ba;WO,¢ is formed in preference to BaWO,, 
provided a high reaction temperature, say, 1300°C or 
more, is reached. We have carried out similar heat 
treatments, both in vacuum and in an inert atmosphere, 
of mixtures of barium carbonate and metallic tungsten. 
The products from equimolecular mixtures often con- 
tained much Ba;WOg,, but they invariably contained 
free tungsten and unreacted barium oxide as well.” 

Rooksby and Steward’ have shown that Ba;WO,, 
which has a face-centered cubic lattice with a cell 
edge of a)=8.64A, is isostructural with (NH,);FeF, as 
described by Pauling.® 

alll P. Rooksby and E. G. Steward, J. Appl. Phys. 22, 358 
oH. Rooksby and E. G. Steward, Second Congress of Inter- 


national Union of Crystallography, Stockholm, June 1951. 
*L. Pauling, J. Am. Chem. Soc. 46, 2738 (1924). 
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In a very recent publication not available to us until 
the work described here was completed, Aldrich’ has 
described an investigation by mass spectrometric means 
of the evaporation products of barium oxide from vari- 
ous metals, including tungsten. From the increased 
ratio of barium to barium oxide obtained (as compared 
with the ratio obtained in the case of BaO on Pt), he 
concludes that there is chemical reaction between BaO 
and the base metal, the effect occurring to a marked 
degree on Ta, and to a lesser extent on W and Mo. 

A factor not taken into account by Aldrich is the 
possibility that his samples, initially consisting of a 
carbonate coating on the metal, may react to an appreci- 
able extent during the conversion of carbonate to oxide. 
At least in all cases involving tungsten his measure- 
ments are not made on a sample consisting of BaO in 
contact with the metal; these are separated by a layer 
of interface compound. It is highly improbable that 
equilibrium for the reaction can be established, the 
rate of production of barium being limited by diffusion 
of barium oxide through the interface layer. We believe 
the low Ba/BaO ratios and failure to secure reproducible 
results are caused by this effect. These comments, how- 
ever, do not in any way invalidate the results reported 
by Aldrich as to the actual species evaporated under a 
given set of conditions, but indicate that his choice of 
conditions is not such as to permit valid conclusions 
regarding equilibrium in the reaction between barium 
oxide and tungsten. 

Thus the evidence presented in previous publications 
is to a considerable degree conflicting. The only con- 
clusion which can be made with certainty is that basic 
barium tungstate (Ba;WOg) is the interface compound 
in BaO on W cathodes. Whether this is formed as a 
result of reaction between BaCO; and W or between 
BaO and W, or both, is not entirely clear. The tempera- 
ture, and other conditions necessary for its formation 
are uncertain. Associated reaction products are com- 
pletely unidentified. 

The general approach employed in this investigation 
has been to apply simple chemical considerations to 
determine the probable nature of the reactions re- 
sponsible for the formation of Ba;WO, and, having so 
derived plausible hypotheses as to the equations for 
the reaction, to examine these by the application of 
critical tests. Two cases are considered : 

1. Formation of Baz;WO¢ from BaO and W—If we 
assume that BaO and tungsten react to form Baz;WO, 
and free Ba, unaccompanied by any other reaction 
products, then the equation for the reaction must be 


6Ba0+ WS5Ba;WO¢+ 3Ba. 


2. Formation of Baz3WOs. from BaCO; and W—If 
BaCO; reacts with W to give Baz;WOg, the W may be 
expected to reduce the carbonate to yield CO according 


7L. T. Aldrich, J. Appl. Phys. 22, 1168 (1951). 
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to the following equation: 
3BaCO;+ WS5Ba;WO¢+3CO. 


Much pertinent information concerning reaction be. 
tween BaCO; and W is available. Barium carbonate jg 
disassociated thermally in the following manner’: 


2BaCO;s5Ba0- BaCO;+ CO- 
and 
BaO- BaCO;452Ba0+ CO.. 


The partial pressure of CO, over the first of the above 
reactions is 0.4 mm at 915°C and for the second is 1.9 
mm at 1020°C. 

In practice, carbonate coatings are “broken down” 
in the temperature range of 800-900°C, where a small 
fraction of a millimeter of CO2 pressure is produced, 

Calculations made by Gulbransen and Andrew’ show 
that if tungsten is heated, even to rather low tempera. 
tures, in an atmosphere containing COs, there is limited 
oxidation of the tungsten according to the equation 


W+3C0:5W0;+3CO0, 


and at 400°C, the value for logPCO/PCOz is —0.65, in. 
creasing with increasing temperature to —0.16 at 
1000°C. 

Normally, the oxide present on tungsten is partially 
protective® causing the rate of oxidation to decrease 
as the thickness of the film increases. However, when 
barium oxide (or carbonate) is in contact with tungsten 
oxide, there is reaction at low temperature to form a 
tungstate, thus exposing fresh tungsten to the oxidizing 
action of carbon dioxide. Thus, removal of CO, by re- 
action with tungsten drives the disassociation of BaCO,; 
to completion, and by removal of the protective oxide 
coating the oxidation of tungsten is driven to com- 


pletion. 
The detailed course of the reaction may therefore be 
3BaCO;%53Ba0+ 3CO, 
3CO2+ WS5WO;+3CO 
3Ba0+ WO;55Ba;WOg. 


For the reaction between barium oxide and tungsten, 
less can be predicted from known chemical properties 
of the reactants. However, it has been suggested!® and 
is now rather commonly accepted that free barium is 
produced by reduction of the barium oxide by any of 
various metals. 


EXPERIMENTAL METHODS AND RESULTS 


The experimental approach has been to determine 
(1) whether tungsten and barium oxide react: 


(a) The products. of the reaction between barium oxide and 
tungsten. 


8 Gmelins Handbuch der anorganischen Chemie, edited by R. J. 
Meyer (Verlag Chemie, Berlin, Germany, 1932), eighth edition, 
System No. 30, p. 305. 

*E. A. Gulbransen and K. F. Andrew, J. Phys. and Colloid 
Chem. 53, 690 (1949). 

10 J. P. Blewett, J. Appl. Phys. 10, 831 (1939). 
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REACTIONS IN BARIUM OXIDE ON. TUNGSTEN EMITTERS 

















Fic. 1. (a) BaWO, prepared by precipitation. (b) BasWOs, prepared by reacting BaCO; and WO; in 3:1 mole ratio in-air at 1300°C. 
(c) BaaWOc+-W ; residue from reaction between BaCO; and W, 3:2 mole ratio (excess W). (d) BasWOg; transparent film in situ on tung- 
sten wire loop after heating wire coated with BaCO; to 1300°C in vacuum. (e) W. 


(b) Quantitative relationships between reactants and products 
for the reaction between barium oxide and tungsten. 


(2) whether tungsten and barium carbonate react: 


(a) The products of the reaction between barium carbonate 
and tungsten. 

(b) Quantitative relationships between the reactants and prod- 
ucts for the reaction between barium carbonate and tungsten. 


(3) some properties of BasWOg. 


X-Ray Identification of Reaction Products 


All solid reaction products were examined by x-ray 
diffraction methods. Powder photographs were made 
with Philips Debye-Scherrer cameras, 114.7-mm di- 
ameter, using CuKa radiation filtered through nickel 
foil. Specimens were prepared by suspending the finely 
powdered material in collodion and coating on a Linde- 
mann glass fiber. Care was taken in the case of fired 
samples to keep exposure to air to a minimum. Standard 
patterns were prepared of barium tungstate compounds 
and reaction products, illustrated in Fig. 1(a) BaWO,, 
(b) BasWO¢, (e) W metal. The normal tungstate was 
prepared by precipitation from solution. Basic barium 
tungstate used as a standard was prepared by firing 
in air at 1300°C an intimate mixture of barium car- 
bonate and tungsten trioxide in molecular proportions 
of 3:1. Typical patterns of reaction products are also 
shown in Fig. 1(c), where we see residue after reaction 
of the intimate mixture of three parts of barium car- 
bonate and two parts of tungsten powder to 850°C 
(BasWOc.+W), and (d) transparent film im situ on a 
tungsten wire loop after the wire coated with barium 
carbonate has been heated to 1300°C (Ba;WOsg). 


1. Reaction Between Barium Oxide and Tungsten 


A study of the reaction between barium oxide and 
tungsten is complicated by the difficulty of obtaining 
pure barium oxide in the presence of tungsten. Barium 
oxide cannot be prepared and handled in air without 
the formation of the hydroxide and carbonate. 

In the first experiment performed, it was sought only 
to determine the extent of reaction and conditions 
necessary for reaction between tungsten and barium 
oxide, and to determine qualitatively the reaction 
products. A barium carbonate coating (about 0.002 in. 
thick) was applied to a tungsten hairpin by a cata- 
phoretic method. The hairpin was mounted for direct 
resistance heating, glassed in and attached to the 
vacuum system. Good practice for the processing and 
activation of cathodes was used. The coating was dis- 
sociated at low pressure in the temperature range of 
800-900°C and good vacuum established. During this 
processing reaction between the carbonate and tungsten 
must have occurred. However, if we accept the data of 
Hensley and Affleck" this layer of reaction product 
should be of the order of 6X10~ in. and should not 
constitute a larger proportion of the entire coating 
thickness of 2X 10~ in. than 


(6X 10) /(2X 10) =3X10~, 


or roughly 3 percent. 

Upon heating the filament to 1100°C, reaction oc- 
curred, with the evaporation of material later found to 
consist of barium, and possibly some barium oxide. 
This reaction became more rapid as the temperature 
was increased to 1300°C. After some minutes dark 


't See reference 2. 
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Fic. 2. Apparatus for reacting tungsten and barium oxide. 


appearing spots appeared in the coating and gradually 
extended to cover the entire coated area. At this stage 
barium evolution ceased. The tube was now removed, 
the tungsten hairpin taken out, and the coating ex- 
amined by x-ray diffraction. The coating was found to 
consist of Ba;WOg (Fig. 1(d)). The dark appearance of 
this coating was found to be the result of its trans- 
parency, permitting the tungsten base to be seen 
through it. 

Quantitative determination of the amount of barium 
evolved and of Ba;WOg formed in relation to amounts 
of barium oxide and tungsten reacted, is complicated 
by the difficulty of obviating both the uncertainties 
due to the carbonate reaction, and by the direct 
evaporation of barium oxide. However, an experiment 
was devised in which both of these effects would be 
minimized. 

An intimate mixture of tungsten and barium oxide, 
free of carbonate and hydroxide, was obtained by mix- 
ing together barium azide, barium formate, and tung- 
sten in the desired proportions. This mixture was intro- 
duced into the reaction vessel shown in Fig. 2. At 
bakeout temperature, the azide decomposes to form 
barium, which in turn reacts with the formate to pro- 
duce barium oxide. The net reaction appears to be 


Ba(N3)2+ Ba(COOH).—2Ba0+ 3N2+ 2CO+ He. 


Thus no constituent capable of oxidizing tungsten is 
produced, and after bakeout under vacuum, only 
barium oxide and tungsten remain. The mixture was 
prepared from carefully assayed materials and con- 
tained equimolar proportions of azide and formate, and 
a twofold excess of tungsten over that required to form 
Ba;WO,, in order to avoid limitations on the reaction 
due to depletion of tungsten. 

Following bakeout and the establishment of a good 
vacuum, the mixture was heated to approximately 
1100°C, and the evolution of barium followed by ob- 


serving the effect on the work function of a nearby 
tungsten strip, and also by observing whether a barium 
arc could be sustained in the vicinity of the reaction 
mixture. Barium evolution was at first quite rapid, byt 
became progressively slower, until finally it occurreq 
at a rate insufficient to maintain a nearby heated tung. 
sten surface at maximum activation. This occurred 
after two months of continuous heating. The obseryeq 
reduction in reaction velocity is believed to be due to 
the formation of basic tungstate surrounding each 
tungsten particle, and the necessity for barium oxide 
to diffuse through and out of the tungstate. The pres. 
ence of excess tungsten and the use of a mixture is 
thought to greatly retard the loss by evaporation of 
barium oxide, since, except for the surface, barium oxide 
vapor has many opportunities to come in contact with 
tungsten before it can escape from the reaction mixture. 
From a reaction mixture calculated to contain 0.03216 
gram of BaO, and which theoretically should result in 
the production of 0.0144 gram of Ba, a recovery of 
0.0140 gram of Ba was experimentally obtained. This 
latter figure was obtained by conversion of the evapo- 
rated material to sulfate, ignition, weighing, and calcula- 
tion to Ba. In view of the uncertainties in the method, 
this is considered to be in good agreement with the 
theoretical value, and to substantiate the equation 


6Ba0+ WS5Ba;WO,+3Ba 


for the reaction between barium oxide and tungsten. 


2. Reaction Between BaCO; and W 


An intimate mixture of barium carbonate (Mal- 
linckrodt Ultra Pure) and tungsten powder (400 mesh 
and finer) in molar proportions of 3-1 was placed ina 
tungsten-lined molybdenum crucible suspended by 
platinum wire within a fused quartz vessel shown in 
Fig. 3. Provision was made for continuously pumping 
the vessel with a vacuum system capable of reaching 
an ultimate pressure of <10~? mm of mercury and for 
heating the crucible by an externally generated high 
frequency field. The crucible was brought up in tem- 
perature slowly, so as to prevent rise of pressure toa 
level permitting establishment of an electrodeless dis- 
charge within the quartz vessel. The final temperature 
reached was 800°C (uncorrected) as measured with an 
optical pyrometer. After about an hour at 800°C, the 
vacuum began to improve. The temperature was 
gradually elevated to 1300°C. No evidence of appreci- 
able gas evolution was observed between 800 and 
1300°C, thus indicating that the reaction was completed 
at 800°C. The reaction product was examined by x-ray 
diffraction and only BasWO, detected. Examination 
under the microscope showed only an occasional par- 
ticle of unreacted tungsten. We therefore conclude that 
the reaction occurs quantitatively at 800°C. 

A similar mixture of barium carbonate and tungsten 
was prepared, but in the proportions of 3 moles d 
barium carbonate to 2 moles of tungsten, thus providing 
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REACTIONS IN BARIUM OXIDE ON TUNGSTEN EMITTERS 


gn excess of tungsten. The barium carbonate was 
assayed by ignition to determine the true BaCO; 
content. The tungsten had been hydrogen fired at 
{000°C to remove oxides. The tungsten-lined crucible 
was vacuum fired at 1300°C, cooled, weighed, and 
stored in a desiccator until used. A weighed quantity 
of the BaCO;-W mixture was transferred to the cru- 
cible. The crucible was introduced into the reaction 
yessel, vacuum applied, and the apparatus baked out 
at 450°C. High frequency heating was applied at a 
rate sufficiently slow to prevent glow discharge in the 
reaction vessel. The vacuum was checked periodically. 
After about 3 hours heating to a final temperature of 
g00°C gas ceased to be evolved. The crucible was 
cooled, removed, and weighed promptly. The following 
results were obtained. 


Wt of BaCO; taken................ 0.6528g 
_ ° 9 5 _ arene 0.4056g 
Coleuinted wt Mies. .... . 2... cc vccess 0.0926g 
Experimental wt loss............... 0.0929g 


The loss in weight is therefore seen to agree with the 
calculated loss (for evolution of all carbon as CO) 
within the limit of error in weighing. 

For the qualitative identification of carbon monoxide, 
apparatus was set up to permit excitation of the gas 
evolved from a reacting mixture of tungsten and barium 
carbonate and for recording the spectrum of the light 
emitted. Since CO, can be disassociated into the 
monoxide and oxygen by the action of an electrical 
discharge, special provisions were made to avoid this 
effect. 

The reaction mixture, composed of 0.1 gram of 
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Fic. 3. Apparatus for quantitative study of reaction between 
barium carbonate and tungsten. 
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Fic. 4. Discharge tube. 


BaCO; and 0.9 gram of W powder, was placed in a 
tungsten-lined molybdenum crucible. This in turn was 
inserted in a quartz capsule provided with a tubulation 
to lead the generated gas away. An electrically heated 
oven with Chromel-Alumel thermocouple was placed 
around the quartz capsule. The gas evolution tube was 
connected, via a graded seal, to a discharge tube of the 
type described by Duffendack and Fox.” In this tube, 
electrons for excitation of the gas are supplied by a 
BaSrO coating on a platinum filament. The electron 
beam is drawn through a small (1X8 mm) slot in a 
diaphragm and through a platinum gauze placed next 
to the diaphragm and supported by a U shaped anode. 
The gas is introduced so as to flow in a direction opposite 
to the electron flow. The radiation excited within the 
force-free volume formed by the U shaped cup closed 
on the end by platinum gauze is viewed through a fused 
quartz window. A schematic diagram of the tube and 
photograph are shown in Figs. 4 and 5, respectively. 
Radiation from the tube is focused by means of a quartz 
lens onto the slit of a Bausch and Lomb Medium Quartz 
Spectrograph. Eastman Spectrum Analyses No. 1 
Plates, processed according to the Manufacturers’ 
recommendations, were used for recording spectra. A 
schematic diagram of the assembled apparatus is shown 
in Fig. 6. 

The gas composition evolved during the entire course 
of reaction was followed by continuously recording the 
spectrum. As the reaction mixture was brought up in 
temperature, sufficient gas to maintain a discharge 
began to be evolved at 300°C but it was necessary con- 
tinuously to increase the temperature to maintain the 





2 O. S. Duffendack and G. W. Fox, Astrophys. J. 65, 214 (1927). 
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Fis. 5. Discharge tube. 


discharge. At 600°C the gas evolution was steady, and 
continued for approximately 2 hours. 

The spectra obtained are shown in Fig. 7 along with 
a comparison spectrum made with COs», introduced 
from a tank and flowing continuously through the 
excitation tube. It may be noted that when CO, is in- 
troduced, the spectrum obtained corresponds to that 
obtained by Fox, Duffendack, and Barker," no trace of 
bands assignable to CO being obtained. The apparatus 
and method are therefore capable of distinguishing 
between CO, and CO. The spectrum of the gas evolved 
from the reaction between barium carbonate and tung- 
sten shows the presence of predominant proportions of 
CO, and lesser proportions of CO, initially. The pro- 
portion of CO, present gradually diminishes, until, 
toward the end of the reaction, the strongest CO, bands 
are only rather faintly present. 

The presence of minor proportions of COs. is to be 
expected from the following causes: 

(a) Evolution of CO. from glass and metal parts of 


y Discharge Tube 


the apparatus, which, due to the relatively low tempera- 
ture of reaction, cannot be outgassed prior to the run. 

(b) Presence of a surface film of oxide on the tung- 
sten powder. According to Gulbransen and Wysong" 
this must be present in a thickness of approximately 
50 angstroms or more and corresponding to 0.8 micro. 
grams or more per square centimeter of surface of the 
powder. 


3. Some Properties of BasWOs 


Basic barium tungstate was prepared by heating 
together stoichiometric proportions of WO; and BaC0, 
in air at 1300°C. A suspension in cellulose acetate 
binder was applied to a tungsten filament incorporated 
in a test diode. Following bakeout on the pump, the 
coated filament was gradually heated, while a positive 
potential was applied to the plate. No appreciable 
emission was detected up to an operating temperature 
of 1300°C. 
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Fic. 6. Apparatus for spectrographic analysis of gas. 


3 Fox, Duffendack, and Barker, Proc. Nat. Acad. Sci., U. S. 13, 302 (1927). 


“E. A. Gulbransen and W. S. Wysong, Metals Technol. 14, T.P. 2224 (September 1947). 
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REACTIONS 


Several hours of operation at 1300°C failed to pro- 
duce a visible deposit on the wall of the bulb. The x-ray 
diffraction pattern of the coating, when made promptly 


‘ after opening the tube, showed the coating to still 


consist of BasWOs¢. A week’s exposure of similar coat- 
ings to the atmosphere prior to x-ray examination re- 
sulted in the formation of BaWO, and BaCOs3. 

Coatings of Ba;sWO¢ were found to be evaporated 
from tungsten at temperatures in the range of 1300- 
1500°C, the rate of evaporation being rapid at the 
higher temperature. 

Basic barium tungstate, when added to water, could 
be quantitatively titrated with standardized acid, 3 of 
the barium oxide present reacting with the acid. An 
insoluble residue remaining from the titration was 
found to be BaWO,. The BasWO, is thought to hy- 
drolyze in the following manner: 


Baz;sWO¢+ 2H,0S$BaWO,-+ 2Ba(OH)>. 
CONCLUSIONS 


We conclude that the following reactions may occur 
when a barium oxide on tungsten cathode is prepared 
by applying barium carbonate to tungsten and pro- 
ceeding with the customary schedule of processing and 
activation : 


(1) BaCO;+WO0O;SBaWO,+ CO, 
(2) 3BaCO;+WssBa;WO,+3CO 
(3) BaCO;S5Ba0+ COz 

(4) 6Ba0+ WS5Ba;WO,-+ 3Ba. 


The above reactions occur in sequence as successively 
higher temperatures are reached. Reaction (1) probably 
occurs in the range of 300-600°C. Reaction (2) begins 
to occur at appreciable speed at 600°C, while reaction 
(3) is normally made to occur at 800-900°C. 

Reactions (2) and (3) may be made to occur concur- 
rently, the preponderance of one over the other de- 
pending upon state of subdivision and intimacy of ad- 
mixture of the reactants. Under favorable conditions 
reaction (2) may be made to proceed nearly quanti- 
tatively while reaction (3) is almost entirely suppressed. 
Reaction (4), required for activation of the cathode, 
normally is detected only at temperatures of 1000°C or 
over, and is rapidly driven to completion at 1300°C. 
All of these reactions result in the eventual production 
of basic barium tungstate at the interface of the cathode. 
By means of reaction (4) the entire volume of the oxide 
coating may be eventually converted to basic tungstate. 
A coating of basic tungstate is stable in contact with 
tungsten at temperatures up to approximately 1350°C, 
and does not emit appreciably. Exposure of the basic 
tungstate to air or moisture causes hydrolysis to 
BaWO, and barium hydroxide or carbonate, though 
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Fic. 7. Spectra of gas evolved during reaction between tungsten 
and barium carbonate. Spectra were recorded continuously from 
the beginning of the reaction (top spectrum) to the end of the 
reaction (next to bottom). The spectrum at the bottom of the 
figure is of CO2, for comparison. These spectra show that the 
gaseous product of the reaction is predominantly CO, with minor 
proportions of CO:. 


the reactivity upon exposure to air is such as to easily 
escape detection. An emitter in which the interface of 
basic tungstate is eliminated or greatly reduced can 
probably be prepared by applying barium oxide to 
oxide-free tungsten and adding the necessary barium 
for activation from an outside source, the entire process 
being conducted in the absence of substances (other 
than barium oxide) capable of oxidizing tungsten. 

While only barium compounds and tungsten have 
been dealt with here, we can safely predict that, in 
general, the activators employed in oxide cathodes will 
react in a similar manner with carbonates of the coat- 
ing. Present knowledge of the interface compounds 
observed to occur will permit a prediction of the chemi- 
cal reactions responsible for their formation. It is also 
to be expected that compounds of the other alkaline 
earth metals will behave similarly to the compounds of 
barium. Finally, it can be predicted with assurance that 
compounds other than the carbonate which are ther- 
mally decomposable to the oxide with the liberation of 
a substance capable of oxidizing tungsten will react 
in a manner similar to the carbonate. 

Investigation is being continued on the thermo- 
dynamics and kinetics of the reactions between barium 
carbonate and tungsten and barium oxide and tungsten, 
and on the chemical and physical properties of basic 
barium tungstate. 
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Kinetic behavior in specimens initially cooled through the ordering range is studied as a function of sub- 
sequent prolonged isothermal heat treatments. Room temperature measurement of electrical resistivity 
and saturation induction give evidence substantiating existence of ordered domains. Anomalous kinetic be- 
havior at intermediate ordering temperatures is interpreted as due to growth of antiphase nuclei. Equili- 
brium values attainable at low ordering temperatures and multi-valued correspondence between resistivity 


and magnetic data exhibit dependence upon extent 


of domain growth. 





Y means of resistivity and magnetic induction 

measurements at elevated temperatures, Thomp- 
son' observed that ordering in Ni;Mn proceeded by 
complex kinetic behavior. It was suggested that two 
processes were taking place: first, the establishment of 
an equilibrium degree of local order, and second, a 
somewhat slower growth of antiphase nuclei. This 
hypothesis was in line with the earlier conclusion of 
Sykes and Evans? who suggested, from work on Cu;Au, 
that the formation of large domains of order was 
favored by prolonged annealing just below the critical 
temperature and that local order within domains could 
follow temperature changes rather easily. 

In the course of current studies on Ni;Mn, further 
clarifying evidence that ordering in this alloy is a 
multiple-step process, rather than a simple diffusion 
characterized by a single activation energy, has been 
obtained as described below. 

“A high degree of order was first established in a 25.0 
atomic percent alloy by slow cooling from 600°C to 
300°C over a ten-day period. This resulted in a drop 
in room temperature resistivity from 70 microhm-cm 
to 38 microhm-cm. The alloy went from a paramagnetic 
condition to ferromagnetic with a saturation induction 
of 8000 gauss at 20°C. 

Further isothermal heat treatment at 400°C and then 
at 375°C resulted in the growth of additional order as 
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Fic. 1. Kinetic behavior in Ni;Mn at 400°C and 375°C. Pre- 
viously ordered by cooling 600°-300°C in 10 days. 


1 N. Thompson, Proc. Roy. Soc. (London) A52, 217-228 (1940). 
2C. Sykes and H. Evans, J. Inst. Metals 58, 255-281 (1936). 


shown in the kinetic curves of Fig. 1. The resistivity 
values approach apparent limits in what appears to 
be a simple exponential behavior characterized } 
relaxation times of 180 hours at 400°C and 370 hours 
at 375°C. 

Reheating the alloy to 425°C resulted in the unique 
and possibly most illuminating behavior shown in 
Fig. 2. Instead of a simple approach to a higher re- 
sistivity as might be expected with a decrease in order 
at 425°C, particularly after the close approach to an 
apparent equilibrium at the lower temperature of 
375°C, there was at first a rather rapid increase in re- 
sistivity which reached a peak and then decreased 
considerably. Raising the temperature to 450°C re. 
sulted in similar behavior (Fig. 3) but with a much less 
pronounced peak. 

Consistent with the views expressed above, it would 
appear that the behavior at 400°C and 375°C could be 
interpreted as essentially an increase in local order, 
the rate of cooling employed in the initial ordering 
treatment being too rapid to permit relaxation to com- 
plete equilibrium at these temperatures. Similarly the 
initial rise in resistivity at 425°C might be considered 
as being due to a decrease in local order at this tem- 
perature—the subsequent drop in resistivity indicating 
a growth of domain size. Inasmuch as 800 hours were 
required to observe a leveling off in changes at 425°C, 
it seems reasonable that the relaxation for growth of 
domains at 400°C and 375°C is so slow as to be virtually 
masked by the more rapid growth of order within 
domains. The lessened effect at 450°C indicates that 
substantial growth of nuclei occurred at 425°C and, 
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Fic. 2. Kinetic behavior in highly ordered Ni;Mn at 425°C. 
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hence, the effect due to decreasing local order pre- 
dominates. Although the growth of nuclei is favored — 
at temperatures just below the critical, it should be tw Pe hao’ 
noted that an effective, though slow growth of domains, % 41 ncaa “ 
is here evidenced considerably below the critical tem- 3 \.53 
perature (510°C). 2» "e 
A consequence of this interpretation would be that _  # = mig RESISTIVITY . 
the magnitude of the reversal observed at 425°C would : z — we 
be influenced by the size of the antiphase nuclei formed > ssl} <sigheteioaneaei . ‘ 
in the initial cooling through the ordering range. Pr “8 
Measurements made on another melt of similar com- hal P 
position in which the initial cooling through the order- =. a + > 
ing range resulted in the attainment of higher order TIME IN HOURS 
vity at the lower temperatures bear out this prediction in- Fic. 3. Kinetic behavior in NisMn at 450°C. 
3 to asmuch as the reversals obtained at 425°C and 450°C, Previously held at 425°C. 
by although present, were smaller in magnitude. There is 
ours also evidence that the final equilibrium values ap-  sistivity, indicating that a given value of either para- 
proached at the lower temperatures are influenced by meter can represent a variety of internal structures as 
ique the extent of domain growth previously achieved at would be expected if the effects of domain growth were 
1 in the intermediate temperatures. present. 
r Te- It will be noted from Fig. 2 that a unique value of Further studies are in progress at the M.I.T. Metal- 
rder induction is not determined by a given value of re- _lurgical Project under AEC Contract No. AT(30-1)-981. 
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on Characteristics of the High Current Tungsten Arc in Argon, Helium, and Their Mixtures* 
ould MERRILL SKOLNIKt AND T. B. JONES 
Id be Department of Electrical Engineering, The Johns Hopkins University, Baltimore, Maryland 
der, (Received January 21, 1952) 
ering 
com- An experimental study was made of the properties of the high current dc electric arc in argon, helium, and 
y the their mixtures at atmospheric pressure. Tungsten-rod electrodes were used over a current range from 10 to 
Jered 100 amperes. Measurements of the voltage-current and the voltage-electrode separation characteristics were 
made along with the plasma voltage gradients in both the pure gases and in the mixtures. 
tem- It was found that this type of arc was very stable when the system was free from oxide impurities and that 
‘ating the cathodic processes played a major role in the arc mechanism. The results obtained suggest that the value 
were of the anode voltage drop for the inert gas arc over the current range studied is negligibly small. At the 
25°C, higher currents or with smaller diameter cathodes, tungsten was able to evaporate from the cathode in 
sufficient quantities to influence the character of the discharge. It was observed that the properties of the 
th of arc in mixtures of gases were in between the properties observed in the pure gases. The lower ionization 
tually potential gas, argon, had more effect on the properties of the arc in mixtures than did helium. As long as 
vithin there was at least 15 percent argon present in the mixture, the arc properties and appearance were more 
; that like those observed in argon than in helium. 
; and, 


INTRODUCTION reproducible conditions without being hindered by 
HIS paper presents the results of an experimental chemical reactions and excessive electrode consump- 
study of the high current dc electric arc in the tion which usually accompanies the study of the arc 

inert gases argon, helium, and their mixtures at atmos- 1 other gases. ; 
pheric pressure. The electrodes were tungsten rods and _—-‘Very little has been reported in the literature om 
the current range was from 10 to 100 amperes. The cerning the mechanism of this type of electrical dis- 
use of inert gases and high melting-point electrodes charge although it is not a new phenomenon and has 
permitted the study of the arc under controlled and been widely used in industry. The purpose of this in- 
"Assisted by the ONR. vestigation was simply to learn more about the funda- 


‘ t Submitted in partial fulfillment of the requirements for the mental properties and characteristics of the inert gas 
egree of Doctor of Engineering at the Johns Hopkins University. . : ; cal : 
Now at the Radiation Laboratory, the Johns Hopkins University, arc by carefully exploring its physical and electrical 


5°C. Baltimore, Maryland. properties under controlled laboratory conditions. 
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Fic. 1(a). Photograph of the arc chamber. 


EXPERIMENTAL EQUIPMENT 


The arc was operated in a horizontal position in a 
cross shaped chamber having approximate dimensions 
of two feet by two feet. A photograph of the chamber 
is shown in Fig. 1(a), and a cross section through the 
plane of the electrodes is shown in Fig. 1(b). This 
chamber was constructed from a six-inch diameter 
red brass pipe. The }-in. diameter tungsten rod elec- 
trodes were arranged horizontally and placed in op- 
posite arms of the chamber. One of the electrodes was 
movable to provide adjustable electrode separation. 
A two-inch diameter plate glass window was provided 
in a third arm of the chamber through which a magni- 
fied image of the arc could be projected onto a screen 
for visual observation. The screen was calibrated to 
give the electrode separation. The fourth arm contained 
the vacuum outlet, the gas inlet, and a spring loaded 
pressure relief valve. The purpose of the pressure relief 
valve was to limit the pressure within the chamber 
to three psi (+ one psi) above atmospheric. This was 
the operating pressure used in these experiments, and 
for all practical purposes the difference between the 
results at this pressure and the results at atmospheric 
pressure was negligible. Water cooling tubes surrounded 
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the chamber, and air blowers were used to limit the 
surface temperature. The current entered the chamber 
from each end through relatively large glass-to-meta| 
lead-ins. 

All measurements were made using current from q 
high capacity storage battery with an open circuit 
voltage of 100 volts. The starting of the arc was ac. 
complished by a high voltage ac breakdown of the gap. 
The electrodes and gases used were of commercial 
purity and were claimed by the manufacturer to be 
better than 99.8 percent pure. The gases were used as 
received, but the electrodes were dipped before se 
in hot potassium hydroxide to remove the surface 
oxides. The presence of surface oxides caused the be. 
havior of the arc to be erratic and produced fluctua. 
tions in the arc voltage. The removal of the oxides by 
this method eliminated these undesirable effects and 
produced a very stable arc. 


METHOD OF MAKING MEASUREMENTS 


Special procedures had to be observed in filling the 
chamber to insure reliable measurements. The filling 
was accomplished by first evacuating to a pressure of 
one micron (10-* mm Hg). The chamber was flushed 
with the gas to be studied and re-evacuated to the one- 
micron level. The gas was again admitted to the cham- 
ber until the pressure was three psi above atmospheric, 
the operating pressure. The slight positive pressure 
in the chamber permitted gas to leak out rather than 
air to leak in through any minute leaks that may have 
been present. It was not found necessary to evacuate 
below a pressure of one micron prior to the admission 
of the test gas. 

From the data that was obtained (voltage, current, 
and arc length), either voltage-current curves or volt- 
age-arc length curves could be plotted. For the pur- 
pose of these measurements the electrode separation 
was taken to be a measure of the arc length. It is realized 
that the electrode separation is not always the same 
as the arc length, but it is a convenient approximation. 
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Fic. 1(b). Cross section of the arc chamber through the plane of the electrodes. 
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CHARACTERISTICS OF HIGH CURRENT TUNGSTEN ARC 


The ends of the electrodes were always flat when 
new. However, if the arc current were high enough to 
cause the anode to melt,f the surface tension of the 
\iquid metal caused the tip of the electrode to become 
rounded as can be seen in Fig. 2.! The cathode, on the 
other hand, never became hot enough for the above to 
happen to it. Thus for, the sake of uniformity of the elec- 
trode appearance over the entire range of current the an- 
ode was rounded at the start of each test with new 
electrodes by passing a high current through the. arc. 


ARC APPEARANCE 


The appearance of the arc in the inert gases was 
dependent upon the arc current and the electrode 
separation. In general, at close electrode separations 
(<0.3 in.) only the cathode flame was visible while at 
greater separations both the anode flame and the cath- 
ode flame appeared. With increasing current the cath- 
ode flame grew slightly in width and length and in- 
creased in intensity. When the electrode separation 
was increased at a constant current, the length of the 
cathode flame remained essentially constant, but the 
anode flame grew in length. 


Argon 


Figure 2(a) is a photograph§ of the argon-tungsten 
arc at a current of 30 amperes and an electrode separa- 
tion of 0.2 in. The anode is the rounded electrode on 
the left. It can be seen that the arc consists chiefly 
of the cathode flame which was a bluish-white in color. 
Figure 2(b) shows the same arc at a current of 70 
amperes. The chief effect of increasing the arc current 
is to increase the diameter and length of the cathode 
fame. In both these figures no flame is visible at the 
anode. This is similar to the ‘‘cathodic discharges” 
reported by Found? and by Druyvesteyn and Penning.’ 
At greater separations (>0.3 in.) the anode flame is 
present (Fig. 2(c)). At low currents this flame is wider 
and less intense than the cathode flame. Figure 2(c) 
also shows how the anode and the cathode flame con- 
nect with one another. A dark space of approximately 
0.04 in. can be seen separating the anode flame and the 
electrode. This dark space is similar to the dark space 
observed by Haynes’ in short duration mercury sparks. 

The configuration of the arc flames as illustrated 
by the three cases of Fig. 2 is termed the “normal” 


{In argon this current was about 85 amperes while in helium 
it was about 70 amperes. This difference in observed currents 
is probably due to the fact that the helium arc is a hotter arc 
because its arc voltage is higher for the same arc current. 

'This phenomenon has also been observed with steel plates 
as anodes and tungsten rods as cathodes in both argon and helium 
under conditions simulating inert gas arc welding. See W. B. 
Kouwenhoven and T. B. Jones, Am. Inst. Elec. Engrs. Misc. 
Paper 49-129, April, 1949. 

i These photographs were made with a 35-mm camera at 
f/16, 1/1000-second exposure, and a red filter. 

*C. G. Found, Gen. Elec. Rev. 37, 269 (1934). 

*M. J. Druyvesteyn and F. M. Penning, Revs. Modern Phys. 
12, 170 (1940). 

‘J. R. Haynes, Phys. Rev. 73, 891 (1948). 
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(a) 





(b) 





(c) 


Fic. 2. Appearance of the arc in argon. (a) I=30 amps, elec- 
trode separation=0.2 in.; (b) I=70 amps, sep.=0.3 in.; (c) I=70 
amps, sep.=0.4 in. The apparent tapering of the hot electrodes 
is caused by the photography and is not due to thermal expansion. 


configuration for the flames. All measurements of the 
arc in argon were taken when the flames were in one 
of these three configurations. The flames may be above 
the axis of the electrodes as shown in these figures, 
or they may be below; there is no detectable difference 
in the arc characteristics. Because of thermal updraft, 
however, the flames were usually up. 

Photographs taken with color filters and kodachrome 
film help to resolve the structure of the arc flames. 
In Fig. 3 is shown a black and white reproduction of 
a kodachrome negative taken with a yellow filter. 
The cathode flame is composed of two parts, an intense 
inner core and a much dimmer outer sheath. A small 
bright spot can be observed on the anode.!! This cannot 
be seen in Fig. 2 because the arc was too intense for 
it to be resolved on black and white film. If it is as- 
sumed that this bright spot represents the area over 
which the electrons enter the anode, then the anode 
current density at 35 amperes is of the order of 10* 


! Because of loss of contrast in black and white reproduction, 
the anode spot cannot be seen distinctly in Fig. 3. 
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Fic. 3. Black and white reproduction of a kodachrome nega- 
tive taken with a yellow filter. The two parts of the cathode 
flame may be seen. I= 35 amps, electrode separation =0.5 in. The 
anode is on the left. 


amperes/sq cm. This value is much higher than the 
values usually supposed for anode current densities. 
The spot on the anode is similar to the microspot ob- 
served by Finkelnburg with the high current carbon 
arc in air.® In his experiments the microspot wandered 
rapidly over the anode face causing voltage fluctua- 
tions. The spot in the inert gas arc, however, is station- 
ary. 

A qualitative estimate of the minimum value of the 
cathode current density may be made if the bright 
luminous area of the inner core of the cathode flame 
(as shown in Fig. 3) is taken as the area over which 
the electrons leave the cathode. On the basis of such 
an assumption the current density is 450 amperes/sq cm 
for an arc current of 35 amperes. 


Helium 


The characteristic shape of the flames in helium is 
much different than in argon, yet the basic phenomena 
in the two gases appear to be similar. For low currents 
(<30 amps) the only visible radiation from the helium 
arc was a flame issuing from the cathode. This is shown 
in the sketch Fig. 4(a) and was reddish-pink in color. 
The size of the cathode flame depended to some extent 
upon the current and was usually no longer than 0.3 
in. nor wider than 0.2 in. (approximately). A change 
in arc appearance took place at a current between 40 
and 50 amperes. The region between the electrodes 
became blue and was symmetrical in shape, Fig. 4(b). 
At higher currents the cathode flame was no longer 
visible and the blue region filled the entire space be- 
tween the electrodes. (Fig. 4(c)). The disappearance 
of the cathode flame may be gradual or it may be abrupt 
and was accompanied by a decrease of several volts 
in the arc voltage drop. The helium arc, just as the 
argon arc, was very stable provided the electrodes were 
free from surface oxides. 


Argon-Helium Mixtures 


The appearance of the arc in mixtures of these gases 
depended upon the relative concentrations. For mix- 
tures ranging from pure argon to mixtures containing 
85 percent helium, the arc had essentially the proper- 


5 W. Finkelnburg, The High Current Carbon Arc, FIAT Final 
Report No. 1052, p. 27. 
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ties and appearance of the argon arc. Its cathode anq 
anode flames were similar to the arc in argon, and these 
flames had the characteristic bluish-white color. There 
was, however, one chief difference which made the 
presence of helium recognizable. While the inner core 
of the cathode flame in argon was an intense white 
this inner core with mixtures was a reddish-pink, the 
characteristic color of the helium cathode flame. The 
length of the reddish-pink inner core increased with the 
amount of helium present. In a mixture containing 
25 percent helium it was barely preceptible, but with 
a mixture containing 85 percent helium it had reached 
a length of from 0.2 in. to 0.3 in. Between 85 percent 
and 95 percent helium the arc looked more like the 
helium arc and less like the argon arc. Above 95 per. 
cent helium there was practically no resemblence to 
the argon arc. 

In general, it may be stated that the appearance of 
the arc in mixtures was influenced more by small 
amounts of the lower ionization potential gas, argon, 
than by small amounts of helium. 


Electrodes 


While the arc was burning, the anode electrode ap. 
peared much hotter than the cathode electrode, ex- 
cept perhaps where the cathode flame attached to the 
cathode electrode. Ascan be seen from Fig. 3, the illumin- 
ation from this spot was very intense. All indications 
were, however, that the anode was the hotter electrode, 
Examinations of the electrodes after a test showed that 
there was no appreciable loss of material from either 
electrode by melting. The tip of the anode was rounded 
and shiny while the cathode electrode was compara- 
tively flat and appeared to be coated with a deposit 
of tungsten. This deposit was presumably vaporized 
from the hotter anode and transferred to the cathode. 
In Fig. 5 is illustrated the appearance of the electrodes 
after the tests in the two gases. In argon the deposit 
on the cathode extended about 23 inches from the face 
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Fic. 4. Sketch of the arc appearance in helium. 
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CHARACTERISTICS OF HIGH 


of the cathode while in helium the deposit extended 
oly about § inch but was thicker. 

After the arc current had reached a value which 
cused the anode to liquify and form a rounded tip, 
, further increase in current caused a rise in the arc 
yoltage making the slope of the voltage-current charac- 
teristic positive. This usually occurred with currents 
greater than those reported here. The rate of rise, 
however, was small. When the slope was positive, 
not only was the anode molten but the melted portions 
could be seen to rotate. It seems very likely that the 
increase in arc voltage when this occurred was distri- 
buted primarily at the anode. 

The appearance of the electrodes in mixtures was 
in between the appearance of the electrodes in the pure 
gases. When argon was the dominant gas (mixtures 
with greater than 15 percent argon), the cathode had 
a deposit of tungsten metal for some length along the 
electrode; while if helium was the dominant gas, the 
tungsten was deposited over a shorter length of the 
electrode. 


VOLTAGE-CURRENT CHARACTERISTICS 
Argon 


In Fig. 6 is plotted a family of voltage-current 
characteristics for the argon arc at various electrode 
separations up to one inch. Although the voltage as 
read on the voltmeter was actually the sum of the arc 
voltage plus the 7R drop in the electrodes, both calcu- 
lations and measurements indicated that the 7R drop 
was small and could be neglected for the purpose of 
these measurements. The reproducibility of the data 
was good considering the nature of the measurements 
that were made. The curves presented here are believed 
to be reproducible within +0.5 volt if the arc has the 
same configuration as shown in Fig. 2. The curves of 
Fig. 6 were obtained with both increasing and de- 
creasing current with no significant differences noted. 

The voltage-current curves for the argon arc have the 
usual negative slope which is typical of low current 
de arcs. At the higher currents and close electrode 
separations the arc voltage was less than the argon 
ionization potential (15.5 volts). This indicates that 
the metastable states of the argon atoms probably 
play an important role in the inert gas arc. The mini- 
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_ Fic. 5. Sketch of the characteristic shape of the electrodes 
in the two gases. The shaded areas on the cathode represent de- 
posited tungsten transferred from the anode. 
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Fic. 6. Voltage-current characteristics of the arc in argon 
for various electrode separations. 


mum arc voltage under these conditions seemed to 
approach close to the first excitation potential of argon 
(11.5 volts) which is near the metastable state. 


Helium 


The magnitude of the arc voltage in helium was 
almost twice that in argon for the same arc current. 
In Fig. 7(a) is plotted the arc voltage as a function 
of the arc current over the current range from 15 to 80 
amperes with electrode separations of 0.1 in. and 0.3 in. 
Two different curves could be obtained for each separa- 
tion. Over the current range where the two curves 
for the same separation overlap, the arc characteristic 
may follow either curve. In general, however, the volt- 
age and current will follow the upper curve for low 
currents and make a transition to the lower curve at 
high currents. This transition is indicated by the dotted 
line connecting the curves for the 0.1 in. separation and 
represents an average occurrence. The jump from the 
upper curve to the lower curve was random and did 
not occur at any definable value of current. It may be 
an abrupt jump or it may be a gradual change. The 
transition is accompanied by the appearance of the 
blue flame of the arc and the disappearance of the red- 
dish-pink cathode flame as described in the previous 
section. For decreasing current a jump from the lower 
to the upper curve occurred, but the rise in voltage 
usually occurred at a lower current and the reverse 
transition was more gradual. 

In Fig. 7(b) is illustrated the voltage-current charac- 
teristics for separations of 0.05 in., 0.2 in., and 0.4 in. 
Figures 7(a) and 7(b) are drawn on separate coordinate 
axes because the curves for 0.05 in. and 0.1 in. separa- 
tion lie very close to each other. The lower 0.4 in. 
curve actually lies below the upper 0.3 in. curve. Thus, 
in some cases it is possible to have a decrease in arc 
voltage as the arc length is increased at a constant 
current, an unusual condition for the electric arc. The 
curve for the 0.2 in. separation is the only curve which 
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Fic. 7(a). Voltage-current characteristics of the arc in helium 
for electrode separations of 0.1 in. and 0.3 in. 
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Fic. 7(b). Same as 7(a) but for separations of 0.05 in., 0.2 in., 
and 0.4 in. 


did not show the dual-curve feature over the current 
range studied. It is not understood why this did not 
occur. 

As the current was increased at close separations the 
arc voltage tended to approach a value near the first 
excitation potential (metastable state) of helium, 
19.8 volts. The curves reported for helium were re- 
producible to within + one volt. The dual curve 
feature of the helium arc will be explained in a later 
section. 


Argon-Helium Mixtures 


Just as in the case of the arc appearance the elec- 
trical characteristics of the arc in mixtures were a cross 
between the characteristics in the pure gases. Figure 
8(a) shows a plot of the arc voltage as a function of the 
percentage of helium present in the mixture for an 
electrode separation of 0.05 in. and for arc currents 
of 20 and 60 amperes. As helium was added to pure 
argon, the arc voltage rose linearly until the mixture 
contained about 85 percent helium. Then the voltage 
rose sharply upward toward the arc voltage obtained 
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Fic. 8(a). Arc voltage as a function of the mixture for I=20 
amps and I=60 amps. Electrode separation=0.05 in. 


70 








20 AMPERES 





VOLTAGE 


30 


arc 


20 





i i 


i 


ij 


i 








20 30 


40 


so 


60 


70 


80 


90 


100 


MIXTURE — ££ He) 


Fic. 8(b). Same as 8(a) but for a separation of 0.4 in. 


in pure helium. The arc was strongly characteristic of 
argon until the sharp rise in voltage took place. The 
transition from the argon dominated arc to the helium 
dominated arc was continuous with increasing con- 
centration of helium. For high concentrations of helium 
the dual curve feature, which was characteristic of the 
helium arc, was present. This illustrated by the dotted 
curve in Fig. 8(b). 
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Fis. 9. Arc voltage as a function of the electrode separation. 


VOLTAGE-ELECTRODE SEPARATION 
CHARACTERISTICS 


Argon 


The lower set of curves in Fig. 9 gives the arc voltage 
asa function of the electrode separation for the argon 
arc at three values of current. The slope of these curves 
isa measure of the voltage gradient of the region be- 
tween the electrodes. The usual name for this region 
is the plasma. The voltage gradient in the plasma of 
the high current arc at atmospheric pressure is usually 
supposed to be a constant function of the arc length 
and decreases with increasing arc current. These curves, 
however, Show that this is not exactly the case for this 
type of arc. Instead, there is a separate voltage gradient 
associated with both the anode flame and the cathode 
fame. For separations between 0.05 in. and 0.3 in. 
the plasma gradient was essentially constant over the 
current range studied and had an average value of 
16.7 volts/in. This gradient appears to be associated 
with the cathode flame because the anode flame was 
not present at these separations. The slope of this 
curve at the longer separations (>0.3 in.) when the 
anode flame was present was less than the cathode 
gradient and decreased with increasing current. The 
actual values of the gradient are given in Table I. 

These curves seem to indicate that at close separa- 


TaBLE I. Plasma voltage-gradients for the argon-tungsten arc. 








Gradient (volts/in.) 





Current Below 0.3 in. 0.3 in.—1.0 in. 
30 16.8 9.5 
50 16.5 7.0 
85 16.9 6.5 








TaBLE II. Plasma voltage-gradients for the helium-tungsten arc 








Gradient (volts /in.) 





Current 0.1 in.—0.3 in. 0.3 in.—0.7 in. 
25 44 58 
50 42 51 
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CURRENT TUNGSTEN ARC 





Fic. 10. Oscillogram of voltage oscillations observed in the 
helium arc at close separations and low currents. 


tions the cathodic processes play a major role in the 
arc mechanism. It should be remembered, however, 
that the computation of the voltage gradient by this 
method assumes that the sum of the anode and cathode 
voltage drops (the voltage drops in the space charge 
at the electrodes) remains essentially constant for 
variations of the electrode separation at a constant 
current. This is generally thought to be a valid as- 
sumption. 


Helium 


The voltage-electrode separation curves for the 
helium arc are also plotted in Fig. 9 for representative 
currents of 25 and 50 amperes. The results are similar 
to those in argon and the voltage gradients are listed 
in Table IT. Between 0.1 in. and 0.3 in. the voltage 
gradient was essentially constant and seemed to be 
associated with the cathode flame. Above 0.3 in. 
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Fic. 11. Voltage gradient as a function of the mixture for 
I=50 amperes and for electrode separations between 0.1 and 
0.3 in. 
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separation the gradient had the property of decreasing 
with increasing current. The chief difference between 
these curves and similar curves in argon is that voltage 
gradient in helium for longer separations was greater 
than for shorter separations. The reverse was true in 
argon. 

With currents below 30 amperes in helium the volt- 
age was found to rise 15 to 25 volts over a very narrow 
and critical range of electrode separation. The rise 
is shown by the dotted portion of the 25-ampere curve 
and it occurred somewhere between the 0.05-in. and 
0.1-in. electrode separation. The width of the region 
in which this occurred was about 0.01-in. This phenom- 
enon appeared when the cathode flame made direct 
contact with the anode electrode. The contact was very 
critical. The sharp rise in voltage was accompanied by 
a decrease in the size of the flame, the appearance of 
voltage oscillations, and an audible whistling sound 
from the arc. Noise was also heard on a radio receiver 
over certain narrow frequency ranges. An oscillogram 
of the arc-voltage oscillations is shown in Fig. 10. 
These oscillations have an amplitude of approximately 
12 volts and a frequency between 8 and 8.5 kc. This 
phenomenon was not observed in arcs with currents 
greater than 35 amperes. It has also not been observed 
in argon at any current employed. 


Argon-Helium Mixtures 


The voltage-electrode separation curves for mixtures 
were similar to those in pure gases. In Fig. 11 is shown 
the voltage gradient of the cathode flame as a function 
of the mixture concentration at a current of 50 amperes. 
The general shape of this curve is similar to the curves 
shown in Fig. 8. The voltage gradient of the anode 
flame, however, did not follow the above type of charac- 
teristic exactly. For mixtures with less than 85 percent 
helium present the anode flame voltage gradient with 
a current of 50 amperes was essentially constant at 
about seven volts per inch, which is approximately 
equal to the gradient found in the pure argon arc 
(see Table I). For concentrations containing about 95 
percent helium or more, the anode flame voltage gradient 
was close to that of the pure helium arc, about 50 
volts per inch at the same current. In the transition 
region between 85 and 95 percent helium, the arc was 
unstable at separations where the anode flame should 
have appeared and no anode flame voltage gradients 
could be measured. Thus it seems that the anode 
gradient in mixtures is either that of argon or helium, 
since no in between values were measured. 


SMALLER DIAMETER CATHODES 


Several measurements were made using $-in. diameter 
tungsten-rod cathodes and }-in. diameter anodes. 
The appearance and behavior of the arc under these 
conditions was quite similar to the arc where both 
electrodes were }-in. diameter. One important differ- 
ence was noted, however. The arc voltage in certain 
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cases was found to be less than the minimum excitation 
potential of the gas. For a separation of 0.05-in. and 
at the higher values of current an arc voltage of 10, 
volts was found in argon and 17.5 volts in helium, 
Both values are about two volts lower than the ex. 
citation potential and these arcs may be classed as 
low voltage arcs. It was also noted that the smaller 
diameter cathode electrode in argon appeared to haye 
vaporized in spots, while the 4-in. cathode, it will be 
recalled, never appeared such. On the other hand 
both the §-in. and the }-in. cathodes in helium appeared 
to have been vaporized. It is believed that the low 
voltage of the arc in these cases can be attributed to 
the presence of tungsten vapor in the cathode region, 
The tungsten with its lower ionization potential than 
either helium or argon is readily ionized and lowers 
the arc voltage. The result is a mixture of tungsten 
vapor and inert gas, and the effects are similar to those 
reported for gas mixtures.® 


STARTING OF THE ARC 


The phenomena associated with the starting of the 
arc are described in this section for the helium arc. 
Similar phenomena also occurred in argon. 

A high voltage breakdown was used for the starting 
of the arc. A commercial arc starter, such as is used in 
inert-gas arc welding, was employed for placing a 60- 
cycle voltage of about 5000 volts across the electrodes 
which were separated by about 0.01 in. Under proper 
conditions the gap would break down and the arc 
would follow. The process of the initiation of the arc 
can be divided into three steps: (1) the ionization of the 
gap, (2) the cold cathode arc which follows almost 
immediately, and (3) the high temperature arc. 

In helium there was usually a time delay in the 
initiation of the ionization of the gap. The time interval 
between the instant of the application of the high 
voltage and the breakdown of the gap varied from near 
zero duration to as much as twenty seconds. The longer 
delays occurred when the electrodes were hot, as was 
the case immediately after the arc had been extin- 
guished. An average elapsed time of about fifteen 
seconds was required to allow the electrodes to cool 
after the arc was extinguished before the arc could 
be re-initiated. This was probably due to the fact that 
the breakdown of the gap depends to some extent on 
the amount of impurities present on the electrode.’ 
The relatively long time interval seems necessary to 
allow the impurities present in the system to recon- 
dense on the cooling electrodes. 


* This explanation of the low voltage of the arc as being due 
to the presence of evaporated cathode material may be applied 
to other cases reported in the literature. For example, see the 


following: Compton, Lilly, and Olmstead, Phys. Rev. 16, 282 - 


(1920). J. D. Cobine and C. J. Gallagher, paper presented at the 
Am. Inst. Elec. Engrs. Conference on Electric Welding, Detroit, 
April 1950. R. H. Gillette and R. T. Breymeier, The Welding 
Journal 30, 146-s to 152-s, (1951). ; 

7F. H. Newman, Brit. J. Appl. Phys. 2, 303 (1951). 
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The cold cathode arc formed immediately after the 
ionization of the gap. This type of arc was not as in- 
yense as the high temperature arc and was character- 
ved by a rapidly wandering cathode spot. This arc 
appeared bluish in color. If the arc current was low 
3 that the electrodes could not become sufficiently 
hot, the cold cathode arc would wander rapidly over 
the electrode and be extinguished. However, if the 
current was sufficiently high so that the electrodes 
became hot enough, the cold cathode arc would change 
abruptly to the very stable high temperature arc with 
stationary cathode spot. There was a great difference 
instability between the two types of arcs. In the case 
of the helium arc with }-in. diameter electrodes, the 
arc current had to be above 70 amperes for the high 
temperature arc to appear. If the arc current was not 
this high, the cold cathode arc would extinguish after 
one or two seconds. However, once the high temperature 
arc was established at this high current, it could still 
be maintained with currents as low as five amperes. 
The lowest current at which the high temperature arc 
could be maintained was not established. 

In argon the pbenomena described above were similar 
except that the steps occurred faster. The breakdown 
of the gap and the cold cathode arc was followed by 
the appearance of the high temperature arc in a fraction 
of a second. The minimum current necessary for the 
high temperature arc to appear was much lower than 
inhelium and was about 30 amperes. 


DISCUSSION 
Helium Voltage-Current Characteristics 


The transition that occurred in the voltage-current 
characteristics of Fig. 7 from the upper curve to the 
lower curve for increasing current and which was as- 
companied by a change in arc appearance seems to be 
caused by the presence of appreciable tungsten vapor 
near the cathode region. This could occur when the 
energy at the cathode electrode becomes high enough 
to generate the required heat to evaporate sufficient 
material. The tungsten vapor, because it has a much 
lower ionization potential (8.3 volts) than the minimum 
excitation potential of helium (19.8 volts), will be 
ionized by the excited helium and influence the charac- 
ter of the discharge near the cathode to a large extent, 
even though the quantity present may be small. The 
presence of a mixture of helium and tungsten vapor 
near the cathode produces a lower arc voltage than with 
pure helium. 

It may be possible that vapor from the anode caused 
the lower voltage. This does not seem likely, however, 
since examination of the electrodes shows that the 
lower arc voltage occurred only when the face of the 
thode had a shiny appearance, indicating that ap- 
preciable material had vaporized. the appearance of 
the anode remained unchanged, however, and gave 


indication that it was always hot enough to vaporize 
considerable material. J 


Distribution of Arc Voltage 


The total voltage across the arc is made up of an 
anode drop, a cathode drop, and the drop between 
these two regions, usually known as the plasma drop. 
At very close separations the plasma drop is so small 
that it may be neglected, leaving the arc voltage com- 
posed primarily of the sum of the anode and cathode 
drops. In the case of the inert gas arc reported here, 
it was found that the minimum voltage is very nearly 
equal to the minimum excitation potential of the gas 
(assuming no appreciable electrode vapor present at 
the cathode). It is usually supposed that the cathode 
drop is never less than the minimum excitation poten- 
tial of the gas in which the arc is maintained.° 

Such an assumption leads to the conclusion that in 
the inert gas arc the anode drop is zero or negligbly small. 
If this is the case, the major portion of the heat gener- 
ated at the anode is due to the electrons giving up their 
“heat of condensation.” ** The watts input under 
these conditions is the product of the electron current 
times the work function of the anode. The electron 
current at the anode may be assumed equal to the 
arc current. 

There are two indirect experimental checks that can 
be made to check this hypothesis: 

(1) Data given by Jones and Langmuir® show that 
tungsten will reach its melting point when the power 
density (watts per unit surface area) is about 1200 
watts per sq cm. If it is assumed that the input is 
given by J¢., where J is the arc current and @, the 
electronic work function, and that this input distri- 
butes uniformly over the face of the anode so that 
the power density is J@,/0.317 (for a j-in. diameter 
electrode) than the current at which the anode will 
melt is computed to be 85 amperes. This is close to the 
actual observed current necessary to cause the anode 
to melt. 

(2) The axial, steady-state temperature distribution 
along the electrode may be given, with some assump- 
tions, by’® 


T=T)/4nkx, (1) 


where x is the axial distance from the end of the elec- 
trode at a temperature J); T is the temperature at 
the point x; & is the thermal diffusivity (for tungsten 
k=0.54). All units are cgs. 


{] Note that considerable electrode material may be vaporized 
at temperatures lower than the melting point. See reference 9. 

8C. Eckart and K. T. Compton, Phys. Rev. 24, 97 (1924). 
Note that when vapor is present, the cathode drop could be as 
low as the ionization potential of the vapor. 

** There will be, of course, heat radiated from the plasma to the 
anode. For simplicity, however, this will be neglected. 

9H. A. Jones and I. Langmuir, Gen. Elec. Rev. 30, 312 (1927). 

10H. S. Carslaw and J. C. Jaeger, Conduction of Heat in Solids 
(Oxford University Press, New York, 1947), p. 221. 
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Color photographs of the arc were obtained in which 
the change of color temperature along the electrode 
axis was quite well defined. The distance at which 
the color changed from white to bright orange could 
be easily measured. This corresponded to a temperature 
of 1500°K. For a 40-ampere arc in argon this distance 
was measured as 0.32 cm. For a 40-ampere arc the 
the power input is 40X4.5/0.317=568 watts/cm’. 
Reference 9 shows that this corresponds to a surface 
temperature of 3100°K. By substituting 7)=3100 
and T=1500 in Eq. (1) the distance x is found tobe 
0.30 cm. 

The agreement between the calculated and observed 
values in the above two cases is good considering the 
nature of the assumptions made and tends to sub- 
stantiate in an indirect way that the anode drop is 
zero or negligible. It seems likely, however, that at 
higher currents when the anode face is melted, the 
increase in arc voltage with current mentioned pre- 
viously may be due to the presence of an anode drop. 
It would be very interesting if this could be checked 

in the future by suitably designed probe measurements. 


CONCLUSIONS 


The inert gas arc with tungsten electrodes is one of 
the most stable forms of the electric arc if the system 
is free from oxide impurities. Its electrical properties 
are very dependent upon the processes occuring in 
the cathode flame and in the cathode drop region. 

The cathode voltage drop is probably very close to 
the minimum excitation potential of the inert gas 
except perhaps when the gas is a mixture of two gases. 
In this case the voltage drop at the cathode is believed 
to lie between the minimum excitation potentials of 
the two gases. When appreciable electrode vapor is 
present near the cathode, the effect is similar to that 
which occurs in a mixture of two gases. 

The phenomena observed at the anode over this 
current range can be explained by assuming that there 
is no observable anode drop of voltage. Consequently 
most of the heat generated at the anode is due to the 
“heat of condensation” of the electrons entering the 
surface of the anode. At currents higher than those 
reported here it is believed that the rise in voltage 
is due to the presence of an anode drop which appears 
when the surface of the anode is at the melting tem- 
perature. 

The dual curve feature of the voltage-current char- 
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acteristics noted for the helium arc under certain condi- 
tions is thought to be due to tungsten vapor in the 
cathode region. When the cathode electrode is able 
to evaporate sufficient vapor into the cathode region, 
the arc voltage will drop since the ionization potential] 
of the tungsten is much lower than the excitation 
potential of the gas. This indicates that the presence 
of small quantities of electrode vapor can have a large 
influence on the properties of the arc. Certain types 
of low voltage arcs reported in the literature may be 
explained on this basis. : 

Both the cold cathode and the high temperature 
forms of the arc were observed in these experiments, 
The cold cathode arc appeared on starting but did 
not last for more than a few seconds. 

Quantitative measurements were obtained of the 
variation of arc voltage as a function of the composi- 
tion of argon-helium mixtures. It was found that the 
properties of the arc in mixtures were a cross between 
the properties observed in the pure gases. With mix- 
tures ranging from pure argon to mixtures containing 
85 percent helium, the properties of the argon arc were 
more dominant, while the influence of the helium was 
more pronounced for concentrations containing greater 
than 85 percent helium. In general, the effect of small 
amounts of argon in helium is greater than small 
amounts of helium in argon. However, the effect of the 
inert gas with the lower excitation potential on the 
properties of the arc is not as striking as has been re- 
ported with the low pressure low current discharges, 
such as the glow." 

The experiments reported in this paper represent 
the results of a preliminary exploratory study of the 
high current inert gas arc. Spectroscopic studies and 
probe measurements are indicated as the next steps 
that should produce results of value. The authors 
believe that a complete understanding of this type 
of arc would contribute greatly to the understanding 
of the general mechanism of other forms of the arc, 
and for this reason its continued study is planned. 
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Equivalent forms may be useful in the analysis of the steady-state operation of circuits containing a 
nonlinear resistance element. Provided the amount of nonlinearity is not too large, the nonlinear element 
can be replaced by a linear resistance and several generators of voltage or current. The amplitude, phase, 
and frequency of these generators are determined by the nature of the nonlinearity and by the fundamental 


component of current in the nonlinear element. 


I. DESCRIPTION OF NONLINEAR ELEMENT 


ERTAIN types of electric circuit elements have an 
impedance which is not constant. The impedance 
may be a function of voltage or current in the element 
(e.g., impedance of a diode), or may be a function of 
some external control (e.g., grid-voltage control of the 
plate-cathode impedance of a triode). The analysis of a 
circuit containing an impedance element of this sort 
sometimes can be simplified through the use of an 
equivalent circuit. The equivalent circuit is composed 
of constant impedances and generators and is chosen to 
produce the same end result as the actual circuit. Such 
equivalences are widely used in the analysis of vacuum- 
tube circuits. For example, a triode, actually operating 
as a varying resistance controlled by grid voltage, is 
replaced by a fixed resistance and a generator of voltage 
or current.! Similar equivalent circuits are used in the 
analysis of a diode operating as a modulator or detector, 
where the resistance is a function of voltage across the 
diode.” This procedure of introducing equivalent circuits 
for varying elements can be extended profitably to 
sorts of circuits other than those just described. 

The use of equivalent circuits in the analysis of 
varying or nonlinear impedance elements is practical 
only if the amount of variation or nonlinearity is not 
too large. The following discussion is confined to two- 
terminal electric circuit elements which are only slightly 
nonlinear and which are operating in the steady state. 
Such circuit elements can be described mathematically 
by a nohlinear equation in which the coefficients of the 
nonlinear terms are relatively small. A few examples 
of such elements are vacuum tubes, crystal diodes, 
thermistors, and incandescent lamps, operating in such 
a way that while there is nonlinearity present, its magni- 
tude is small. Elements of this type are essentially 
resistive in nature, but small reactive effects may be 
present also. 

A nonlinear element of the type under consideration 
can be described by an equation similar to the following 


car] ita ait yP-+adi/dete f iat) | (1) 


'H. J. Reich, Theory and Application of Electron Tubes 
(McGraw-Hill Book Company, Inc., New York, 1944), p. 87. 
* See reference 1, p. 323. 


Here, ¢ is the instantaneous voltage across the element, 
i is the instantaneous current in it, ¢ is time, and 
r, a, B, y, 5, and € are numerical coefficients. These 
coefficients have dimensions which can be determined 
from the way they enter Eq. (1). In particular, r is 
evidently a resistance. It is convenient for the purposes 
of discussion, however, to assume that e, 7, and ¢ are 
normalized dimensionless quantities, and therefore that 
the coefficients are dimensionless also. Throughout the 
discussion, the assumption is made that coefficient a, 
and all the products, a8,"ay, a5, and ae are much 
smaller than unity. Under this assumption, the non- 
linearity is small and the impedance element is approxi- 
mately a simple constant resistance. Any actual circuit 
element most likely can be described by an equation 
such as Eq. (1) only within a limited range of the 
variables e and 7..One or more of the coefficients may 
be zero, and additional terms of higher order may be 
present. An analysis based on Eq. (1), however, should 
yield results typical of this general sort of impedance 
element. 


Il. EQUIVALENT CIRCUIT FOR ELEMENT ALONE 


_A sinusoidal current in the element produces a non- 
sinusoidal voltage across it; a sinusoidal voltage across 
the element produces a nonsinusoidal current in it. 
These two cases can be represented by equivalent 
circuits in which the element is replaced by a resistance 
plus voltage or current generators operating at fre- 
quencies determined by the distortion. 

The equivalent circuit for a sinusoidal current in the 
element can be obtained as follows. It is simplest to 
assume a cosinusoidal current, =I coswt, of amplitude J 
and angular frequency w, in the element. The voltage 
across the element is then 


e= (r1+-frayl*) coswi+ 4raBl?+4raBl? cos2wt 
+trayl cos3wt—ral(bw—e/w) sinwt. (2) 


Because of the nonlinearity, the voltage contains com- 
ponents at frequencies other than that of the current. 
Components at integral multiples of the fundamental 
frequency are introduced; the amplitude of the funda- 
mental component is modified; an out-of-phase com- 
ponent is introduced. The relative amplitudes of the 


653 





654 Ww. J. 


Icos wt T coswt 

















} Ir cost 
+E, cos wt I 
GoE. Cio ————0F . 
+ 
GF. coswt e G.£./r coswt } jee E,coswt 
G, E, sinwt G,E./r smut 7 
G, E, cos 2ut \ GrEo/r cos2ut 4 
Gs Eq cos Sut GE, /r cos3ut > 
(a) (b) 


Fic. 1. Equivalent circuits for nonlinear element with cosinusoidal 
current supplied from infinite-impedance source. 


various components are as follows: 


change in in-phase component 











=Ga=jayl’, (3) 
linear in-phase component 

out-of-phase component — a(dw—€/w) 
in-phase component — 1+G, 


+—a(dw—e/w), (4) 

















dc component aBI/2 
=Gy=—— + af!/2, (5) 
in-phase component 1+G, 
second harmonic 

: =G.=G, (6) 
in-phase component 

third harmonic ayI?/4 
: =G3= = avyI*/4. (7) 
in-phase component 1+G, 


The second forms for all these equations apply only 
if |Gs|<1. 

An equivalent circuit for the nonlinear element with 
a cosinusoidal current is shown in Fig. 1(a). The ele- 
ment is replaced by a constant resistance r and a 
number of voltage generators. The voltage and fre- 
quency of each generator are chosen to correspond to 
one of the terms of Eq. (2). Since the external current 
source, supplying the initial cosinusoidal current, has 
infinite internal impedance, the current in the circuit 
remains cosinusoidal while the voltage across the 
terminals is the sum of all component voltages. 

A second form for the equivalent circuit is shown in 
Fig. 1(b). In this figure the voltage generators of 
Fig. 1(a) are replaced with current generators. The 
current supplied by any one of the generators is 1/r 
times the voltage of the corresponding generator of the 
first circuit. Currents from all these generators flow 
through the resistance r, and produce the voltage 
required by Eq. (2) across the terminals of the element. 
So far as effects at the terminals are concerned, circuits 
of Figs. 1(a) and (b) are the same. 

The equivalent circuit for a sinusoidal voltage across 
the element can be found in a similar manner. Again it is 
simplest to assume a cosinusoidal voltage, e= E cosw/, 
of amplitude EZ. The resulting current can be found by a 
process of successive approximations. The current can 
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be assumed to be given by 
i=tot+ ai, (8) 


where i and 7, are two successive steps in the approxi. 
mation and a1. 

Substitution of Eq. (8) into Eq. (1) with e=E cosy 
gives 


E coswt= otal it aie vio® 


+ bdio/dt+e f iat) | (9) 


where the only terms retained are those with a to the 
powers zero and one. If it is required that Eq. (9) 
apply in the linear case of a=0, then the first approxi- 
mation is 


io= E/r coswt = Iq coswt, (10) 


where J],=E/r. If, now, @ is allowed to be different 
from zero, but small, it is necessary that 


= — Bio?— yi? — bdip/dt—e f igdt 


= —46],?—4 81,” cos2wt—2yI,3 coswt 
— 471° cos3wt+ (dw—€/w)Ia sinwt. (11) 


To the second approximation, the current is given by 
Eq. (8) with the substitution of Eqs. (10) and (11); 
thus, 


i= I, cosw!— al 4BIq?+ 461.7 cos2wi+3yI.3 coswt 
+313 cos3wt— (dw—€/w)Iq sinwt}. (12) 
The relative amplitudes of the various components of 


distortion to this degree of approximation may be 
collected as follows: 





Hy=—iayl,” (13) 
a(dw— €/w) 
H,= ——= a(dw— €/w) (14) 
1+H, 
—aflI,/2 
H)»=————_= — aI ,,/2 (15) 
1+, 
—aylI,?/4 
7 3 = —————-= —ay71,7/4. (17) 
1+-H, 


As in Eqs. (4)-(7), the second forms of these equations 
apply only if |H4|<1. 

A comparison of Eqs. (3)-(7) with Eqs. (13)-(17) 
indicates that so long as |Ga|<1 and |H,4|<1, and 
further that 7=/,= E/r or E= E,=Ir, the correspond- 
ing G’s and H’s are equal in magnitude and opposite in 
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sign, i.c., G.=—H,. If this condition is satisfied, an 
equivalent circuit for the nonlinear element with a 
cosinusoidal voltage is shown in Fig. 2(a). The element 
js replaced by a constant resistance r and a number of 
current generators. The current and frequency of each 
enerator are chosen to correspond to one of the terms 
of Eq. (12). Since the external voltage source, supplying 
the initial cosinusoidal voltage, has zero internal im- 

dance, the voltage across the element remains co- 
sinusoidal while the current in the external circuit is 
the sum of all the component currents. 

A second form for the equivalent circuit is shown in 
Fig. 2(b). In this figure, the current generators of 
Fig. 2(a) are replaced with voltage generators. The 
voltage supplied by any one of these generators is r 
times the current of the corresponding generator of the 
first circuit. These generators produce currents in the 
circuit as required by Eq. (12). So far as the effects 
at the terminals are concerned, circuits of Figs. 2(a) 
and (b) are the same. 

A comparison of Figs. 1 and 2 indicates that so long 
as [=I,=E/r or E=E,=Ir, the circuits to the right 
of the terminals of Figs. 1(a) and 2(b) are identical, 
as are those of Figs. 1(b) and 2(a). The action as ob- 
served in the external circuit is different for Figs. 1 and 2 
because of the difference in impedance of the external 
generator. For Fig. 1(a) the external impedance is 
infinite so that all distortion voltages appear across the 
terminals and the current into ‘the terminals is undis- 
torted. For Fig. 2(b) the external impedance is zero so 
that distortion currents flow in the external circuit 
while the voltage across the terminals is undistorted. 
Similarly, for Fig. 1(b) distortion currents flow through 
resistance r, leaving the current into the terminals un- 
distorted ; for Fig. 2(a) distortion currents flow in the 
external circuit leaving undistorted the voltage across 
the terminals. 

The fact that the circuits of Fig. 1 are the same as 
those of Fig. 2 can be used occasionally to simplify the 
analysis of a nonlinear circuit. The characteristics of 
the generators of the distortion components can be 
found by considering the effect of either a sinusoidal 
current (Fig. 1) or a sinusoidal voltage (Fig. 2). It is 
sometimes much simpler to perform the analysis in 
terms of one of these quantities than it is in terms of 
the other. 

As is generally true for approximate analyses of non- 
linear problems, it is difficult to assess the error when 
these equivalent circuits are used in a particular situa- 
tion. If the nonlinearity is not sufficiently small, several 
things happen to introduce errors. Odd-order terms of 
Eq. (1) (only the third-order term is included) modify 
the amplitude of the component at the fundamental 
frequency ; in other words, |Ga| may not be small com- 
pared with unity. Because of this effect alone, typical 
distortions produced by sinusoidal current and by 


sinusoidal voltage will be in the ratio 
|G,/H,| = (1—G,)/(1+G,4)=1—2G,4. (18) 


Since Ga=3G;3, from Eqs. (3) and (7), this effect be- 
comes appreciable for relatively small values of third- 
order distortion. Higher odd-order distortion produces 
a similar result. The effect is increasingly important for 
larger values of J,, since Ga varies as /,”. 

Furthermore, if the nonlinearity is not sufficiently 
small, the second approximation for the current given 
by Eq. (12) is not adequate. If Eq. (12) is substituted 
into Eq. (1), with e=Ecosw/, an identity results for 
those terms containing a to the powers zero and one. 
Terms with a to powers higher than one are left over, 
and are error terms if Eq. (12) is taken as the solution 
for Eq. (1). If this substitution is carried out, a typical 
error term in voltage is found to be 


2ra?B?T, cos*wt = $ra*B?T3(3 coswi+cos3w). 


The amplitude of the third harmonic in this error term 
is 4ra?6?J,°. The amplitude of the second-harmonic 
voltage produced by the current of Eq. (12) is }ra8J,". 
Thus, the error term considered above has an amplitude 
aBI, times the amplitude of the second-harmonic 
voltage of the approximate solution, Eq. (12). Only if 
the magnitude of a@/J, is sufficiently small can this 
error term be ignored. Again the error increases as J, is 
increased. 


Ill. EQUIVALENT CIRCUIT FOR ELEMENT 
PLUS A RESISTOR 


If the nonlinear element is placed in series with a 
linear resistance and a sinusoidal voltage, both the 
voltage and current for the individual elements will be 
nonsinusoidal. Similarly, if the nonlinear element is 
placed in parallel with a linear resistance, and the 
combination supplied with a sinusoidal current, both 
the voltage and the current for the individual elements 
will be nonsinusoidal. Equivalent circuits for these 
cases can be found. 

If a linear resistance R is placed in series with the 
nonlinear element, the voltage across the combination 
is given by 


c= (r+ Riitral pit+-vi+adi/atte f id), (19) 


This equation is the same as Eq. (1) with R introduced. 
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Fic. 2. Equivalent circuits for nonlinear element with cosinusoidal 
voltage supplied from zero-impedance source. 
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Fic. 3. Equivalent circuit 
for series combination of 
nonlinear element and lin- 
ear resistance supplied with 
cosinusoidal voltage from 
zero-impedance source. 
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If e=£ coswt, the current will be given by an equation 
similar to Eq. (12). The difference will be that the 
coefficient of the first approximation, which was /,= E/r 
in Eq. (10), is instead E/(r+ R), which can be defined as 
Iy= E/(r+R). In the second approximation, all terms 
in 2;, given by Eq. (11), will be multiplied by the factor 
r/(r+R). The approximate solution for Eq. (19) is then 
like Eq. (12), but with J, replaced by J, and with all 
terms that are multiplied by a having the extra factor 
r/(r+R). Equations for the relative distortions are 
analogous to Eqs. (13)—(17), again with J; in place of J, 
and with the extra factor r/(r+R). 

An equivalent circuit for the nonlinear element in 
series with the linear resistance and cosinusoidal voltage 
is shown in Fig. 3. For this figure, ,=E/(r+R) and 
E,.= I= Er/(r+R). The G’s are found from Eqs. (3)- 
(7) with the fundamental component of current J; used 
in place of J. It is evident that the circuit of Fig. 3 is 
the same as the circuit of Figs. 1(a) or 2(b) with the 
addition of the resistance R. 

The voltages of the generators at the distortion 
frequencies in the circuit of Fig. 3 vary with the factor 
r/(r+-R). Therefore, the relative distortions in the 
current in this circuit also vary with this factor. If the 
resistance R becomes very large, the current becomes 
sinusoidal with zero distortion. 

A discussion, similar to that used to obtain the circuit 
of Fig. 3, can be used to obtain the equivalent circuit for 
the case of the parallel combination of the nonlinear 
element, a linear resistance, and a generator of sinus- 
oidal current. The details will not be given here, but 
the resulting circuit is shown in Fig. 4. For this circuit, 
I.=I1R/(r+R) and E.=I14£=IrR/(r+R). The G’s are 
found from Eqs. (3)-(7) with the fundamental com- 
ponent of current /, used in place of J. It is evident that 


Icoswt 


— 
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a itl OR cos wt 
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-G,I.coswt —e4 + 
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Fic. 4. Equivalent circuit for parallel combination of nonlinear 
element and linear resistance supplied with cosinusoidal current 
from infinite-impedance source. 
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the circuit of Fig. 4 is the same as the circuit of 
Figs. 1(b) and 2(a) with the addition of the resistance R 

The currents of the generators at the distortion fre. 
quencies of the circuit of Fig. 4 vary with the factor 
R/(r+R). Therefore, the relative distortions in the 
voltage across the circuit also vary with this factor. 
If the resistance R becomes very small, the Voltage 
becomes sinusoidal with zero distortion. 

By a simple extension of the argument leading to 
Figs. 3 and 4, circuits can be set up for more compli 
cated combinations of linear impedances with the non- 
linear element. The equivalence for the element itself 
is always the same. The fundamental component of 
current in the nonlinear element is found through the 
usual methods of linear circuit theory. The amplitude 
for the voltage or current generators of distortion 
components is found from Eqs. (3)-(7). The value of J 
for these equations is the fundamental component of 
current in the nonlinear element, calculated first. A solu- 
tion for the operation of the entire circuit, then, 
involves two steps: first, the calculation as a linear 
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circuit; second, the calculation of the effects of the 
distortion generators. If complex impedances occur in 
the circuit, note must be made of the fact that their 
values are different at different frequencies. 


IV. EXPERIMENTAL MEASUREMENTS 


A crystal diode is a nonlinear resistance element. 
The amount of nonlinearity represented by such a diode 
is too large to be treated by these approximate circuits, 
since the diode is equivalent to a very low resistance for 
conduction in one direction and to a very high resistance 
for conduction in the opposite direction. If a linear 
resistance of suitable value is connected in parallel 
with the diode, the resulting combination is still non- 
linear, but the amount of nonlinearity may be small 
enough for the approximate analysis. In Fig. 5, the 
dotted curve is the current-voltage characteristic for 
a 1N34 crystal diode. The solid curve is the character- 
istic for the 1N34 in parallel with a 50-ohm resistor. 
The nonlinearity represented in the combined elements 
is small enough that the approximate analysis is 
applicable. 
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If a sinusoidal current is applied to the combined 
elements, the voltage across them is nonsinusoidal. The 
wave form of the voltage can be found by graphical con- 
struction’ as in Fig. 6, where the current amplitude is 
24 ma. It is apparent that the voltage wave has its 
negative peak accentuated. Similarly, if a sinusoidal 
voltage is applied, the current is nonsinusoidal with the 
positive peak of the current wave accentuated. In Fig. 6 
is shown also the construction when the voltage ampli- 
tude is 1.0 volt. The harmonic components in the dis- 
torted waves can be found by any of a number of 
procedutes for numerical analysis; the Chaffee* method 
is quite applicable here. The results of such an analysis 
for the waves of Fig. 6 are given in Table I. 

For the data of Table I, the amplitudes of the funda- 
mental components in the two cases have been made 
the same. The relative amplitudes of the components at 
the second and third harmonic frequencies are not 
exactly the same, but are essentially so. This is the 
result predicted from the equivalent circuits of Figs. 1 
and 2. Any of the various effects considered in connec- 
tion with these circuits might lead to differences of the 
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sort observed here. For many purposes, however, the 
relative distortions could be considered the same. 

If a linear resistance is inserted in series with the 
parallel combination of the 1N34 and the 50-ohm re- 
sistor, and the circuit supplied with a sinusoidal 
voltage, the current is nonsinusoidal. The wave forms of 
the current and of the voltage across the parallel 
elements can be found by the usual graphical con- 
struction employing a load line.* Again, the harmonic 
components in the nonsinusoidal waves can be found 
by a numerical analysis. In Fig. 7(a) are shown the 
results of such an analysis. Data for this figure were 
obtained with the amplitude of the sinusoidal driving 
voltage adjusted always so that the fundamental com- 
ponent of current in the 1N34-50-ohm combination 
was 24 ma. The relative amplitudes of the second and 
third harmonic currents, compared with the funda- 
mental current, are plotted against the factor r/(r+ R). 
In this factor, r is the linear resistance for the non- 
linear element, and is about 40 ohms for the 1N34 in 





*See reference 1, Chap. 4. 
‘E. L. Chaffee, Rev. Sci. Instr. 7, 384 (1936). 
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TABLE I. Harmonic components of wave forms of Fig. 6. 








Sinusoidal driving quantity Current Voltage 
amplitude 24 ma 1.0 volt 

Nonsinusoidal response Voltage Current 
amplitude of fundamental 1.0 volt 24 ma 
amplitude of 2nd harmonic 0.079 v 2.14 ma 
amplitude of 3rd harmonic 0.018 v 0.57 ma 
2nd/fundamental 0.079 0.088 
3rd/fundamental 0.018 0.023 








parallel with the 50-ohm resistor. The value of the 
series resistor is R. 

Similarly, a linear resistance connected in parallel 
with the nonlinear element and supplied with a sinus- 
oidal current leads to a nonsinusoidal voltage across the 
1N34. The harmonic components in this voltage can be 
found by a process analogous to that just described. 
In Fig. 7(b) are shown the results of such an analysis 
where the amplitude of the sinusoidal driving current 
was adjusted always so that the fundamental com- 
ponent of voltage across the 1N34 was 1.0 volt. Rela- 
tive amplitudes of the harmonic voltages are plotted 
against the factor R/(r+R), where R is the value of 
the parallel resistor. 

It is evident from Figs. 7(a) and (b) that the relative 
distortions vary linearly with the factors used as 
abscissas in the two cases. This is the result predicted 
from the equivalent circuits of Figs. 3 and 4. 

Only a single example is given here. Calculations have 
been carried out as numerical analysis of graphical 
data. Similar experimental data have been obtained on 
actual circuits where harmonic components as high as 
the sixth have been measured with a wave analyzer. 
Circuits having nonlinearities predominantly of even 
order (as in the example) and of odd order were con- 
sidered. In all cases where the relative distortion was 
less than about ten percent, the equivalent circuits 
were found to hold quite well. 
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Fic. 7. (a) Relative second and third harmonic components of 
current in a series circuit of a resistance R and the nonlinear 
element of Fig. 5, supplied with a sinusoidal voltage. (b) Relative 
second and third harmonic components of voltage across a parallel 
circuit of a resistance R and the nonlinear element of Fig. 5, 
supplied with a sinusoidal current. 
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High vacuum incandescent lamp bulbs have been used as sensitive elements in stabilizing systems for ac 
power sources. Such a lamp is a nonlinear element and accordingly introduces distortion components into 
the stabilizer circuit. An analysis of the operation of the lamp is given, based on rather simple assumptions. 
This analysis allows the prediction of the distortion for given operating conditions and shows the effects of 


changes in frequency and current. 





I. USE OF LAMPS IN STABILIZERS 


IRCUITS used for automatically stabilizing the 

output voltage of any source of electric power 
require some standard of reference against which the 
voltage of the power source can be compared. The 
standard of reference used in stabilizers for sources of 
direct-current power is usually the constant voitage 
developed across a gas-discharge tube or a battery. 
The standard of reference for use with a source of 
alternating-current power is not easily obtainable as 
an analogous device producing constant voltage across 
its terminals. The difficulty here lies in the fluctuating 
nature of the ac power. An element that has been used 
as a standard in stabilizers for ac power is an incandes- 
cent lamp, having a metal filament in a high vacuum 
bulb.' The resistance of the filament of such a lamp 
varies rapidly with changes in its temperature and 
therefore with changes in voltage across or current 
through the filament. The lamp is used in one or more 
arms of a bridge composed of resistors adjusted so that 
the bridge is most nearly balanced when the desired 
operating voltage appears across the input terminals of 
the bridge. Variation of the rms voltage from its desired 
value produces a change in the resistance of the lamp 
so that an unbalance voltage appears at the output 
terminals of the bridge. The magnitude and phase of 
this unbalance voltage are such that it can be used to 
control elements which ultimately adjust the output 
voltage of the power source. 

Investigation of the performance of such a lamp 
carrying an alternating current shows that its operation 
is somewhat more complicated than might appear at 
first examination. A sinusoidal current in the lamp 
leads to fluctuations in temperature, and therefore in 
resistance, of the lamp. These fluctuations in resistance 
cause the voltage across the lamp to be nonsinusoidal. 
A sinusoidal current of a given frequency leads to a 
component of voltage at that frequency in phase with 
the current. In addition, however, a component of 
voltage out of phase with the current appears, as does 
a component of voltage at three times the frequency of 
the current. Other components of voltage may appear 
also, but with amplitudes smaller than those of the 


1G. N. Patchett, Electronic Eng. 22, 371, 424 (1950). An 
extensive bibliography appears in this reference. 


components mentioned first. These extra components 
appear across the terminals of the bridge used in the 
stabilizing system and ultimately limit its successfyl 
operation. 

Analyses of the operation of an incandescent lamp 
used in a circuit of this sort have been given, with 
various more-or-less valid assumptions taken as a 
starting point. The nature of these assumptions jis 
usually such that the results are applicable if the 
current in the lamp is not too large, or if the frequency 
is not too low. The analysis given here is only an approxi- 
mate one also, and is based on relatively simple assump- 
tions. It appears to lead to useful results over a relatively 
wide range of the operating parameters. 


Il. ANALYSIS FOR ZERO OR INFINITE FREQUENCY 


While it is the current-voltage characteristic of the 
lamp that is of most interest, the analysis is simpler if 
carried out initially in terms of the temperature. To a 
first approximation, the resistance of the filament is 
proportional to its temperature, so that 


e= ci, (1) 


where ¢ is the voltage across the filament, i is the current 
in it, 0 is the absolute temperature of the filament, and 
c is a constant for a given lamp. Numerical values 
found using the equation for the resistance of tungsten 
as a function of temperature,” indicate that Eq. (1) is 
fairly accurate if the temperature is not too high. More 
accurate results would be obtained if a constant tem- 
perature were subtracted from the actual temperature 
before substitution in Eq. (1). The error is not too 
serious, however. 

If the temperature of the filament changes with time, 
the following equation is approximately true, 


d0/dt= a6i?— b(@*— 60"), (2) 


where 4 is the ambient absolute temperature, ¢ is time, 
and a and 8 are constants for a given lamp. The first 
term on the right side of Eq. (2) represents the rate of 
temperature change produced by heat supplied to the 
filament by the electric power. Parameter a is smaller 
for a filament of large heat capacity. The second term 


2 International Critical Tables (McGraw-Hill Book Company, 
Inc., New York, 1929), Vol. VI, p. 136. 
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represents the rate of temperature change produced by 
heat radiated from the hot filament to its surroundings. 

Ambient temperature 4 is in the order of 300°K. 
The filament of a lamp used in a stabilizer circuit is 
usually operated so that it glows visibly and its tempera- 
ture 6 is then in the order of at least 1000°K. If this is 
the case, 00/#*<1, and the term in 6) appearing in 
Eq. (2) can be neglected. In all the succeeding analysis 
§) will be ignored. This situation is desirable, since it 
means that the operation of a stabilizer using the lamp 
js essentially independent of the ambient temperature. 

If a steady current Jo is passed through the lamp, 
and if enough time to achieve a steady state has elapsed, 
then d@/dt=0, and 


6= (a/b)"7 (7, (3) 
The voltage across the lamp is 
Eo= c(a/b)*/37 5/3, (4) 


These equations are valid for a current of zero fre- 
quency; they are valid also for an alternating current 
of very high frequency having J» as its rms value. This 
equivalence results because the heating effect, which 
governs the resistance, is the same for the two currents. 
If the frequency of the alternating current is not suffi- 
ciently high, the temperature of the filament changes 
during each cycle of the current and the situation is 
more complicated. Published data* from a number of 
experimenters indicate that the current-voltage relation 
for a high vacuum lamp in the steady state is of the 
form E y=constant (Jo)". Experimental values of 
always seem to be quite close to 5/3, thus lending 
support to the assumptions that were made at the 
beginning of the analysis. 


Ill. ANALYSIS FOR EXTREMELY LOW FREQUENCY 


In order to proceed toward a more general solution 
for the alternating-current case, the current will be 
assumed sinusoidal of angular frequency w, 


i= 21/7, sinw!. (5) 


If the frequency is extremely low, approaching zero, 
the temperature of the filament will follow the fluc- 
tuating current, so that 


O= 2'/8(a/b)'/37 2/3 sin?/8ayt (6) 
and 
e= 25/6¢(a/b)*/37 (5/3 sin5/3 gy, (7) 


Since the temperature varies as sin**w/, it never 
becomes negative and goes through two cycles during 
each single cycle of the current, as shown in Fig. 1. 
A Fourier analysis of sin*/*w/ shows that, approximately, 
sin*§yt=0.71—0.37 cos2wi—0.14 cos4wl 

—0.10 cos6wt—0.06 cos8wi---. (8) 


The temperature has a mean value and a number of 


*G. N. Patchett, J. Inst. Elec. Engr. 93, III, 305 (1946). 
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Fic. 1. Extremely low fre- 

quency sinusoidal current in e 

lamp, and resulting varia- 

tion in temperature and 


voltage across the lamp. 











VY 
components at frequencies that are even multiples of the 
frequency of the current. 

The voltage across the lamp, also shown in Fig. 1, 


varies as sin*/*w/. This function can be analyzed, ap- 
proximately, as 


sin®/*™t= 0.90 sinwt—0.12 sin3wi—0.02 sin 5wt---. (9) 


Components of the voltage occur at odd multiples of the 
frequency of the current. The amplitudes of the 
higher order components of the voltage are of relatively 
less importance than those of the temperature. 


IV. ANALYSIS FOR RELATIVELY HIGH FREQUENCY 


If the frequency of the current is neither extremely 
low nor extremely high, then neither Eqs. (3) and (4) 
nor Eqs. (6) and (7) are applicable. At relatively high 
frequencies, the temperature fluctuates during the cycle 
of the current, but only by a small amount. In such a 
case, the temperature might be approximated by 


6=60;—4 sin(2wi+¢). (10) 
The two terms here can be considered as the first two 
terms of a series such as Eq. (8). A phase angle ¢ is 
necessary to allow for the lag in temperature variation 
as compared with the current. 
A combination of Eqs. (1), (5), and (10) leads to 
the equation 
e/(2"cIo) = (0;+ 6./2 sind) sinwl 
— 62/2 cos coswt+ 62/2 cos(3wi+¢@). (11) 
The ratio of the amplitude of the out-of-phase com- 


ponent to that of the in-phase component of voltage 
may be defined as G,, and is 


G,=cos¢/(26;/02+sin¢). (12) 


The ratio of the amplitude of the third-harmonic com- 


ponent to that of the in-phase component may be 
defined as G3, and is 


G3=1/(26;/62+sin¢). (13) 


Since the out-of-phase component is relatively small 
compared with the in-phase component, the denomi- 
nator of Eqs. (12) and (13) is almost the same as the 
total fundamental component. 
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Fic. 2. Significant operating data for the lamp carrying a 
sinusoidal current of rms amplitude Jo. Scales are logarithmic 
except for the abscissa for 0<A<4, which is linear. Dotted 
portions of the curves are estimates, with some experimental 
points indicated. 


A combination of Eqs. (2), (5), and (10) leads to a 
long equation involving sine and cosine terms of angular 
frequencies that are integral multiples of.2w. In order 
to simplify this equation, it is convenient to assume 
that @./0,<0.2, so that approximately, = 0,‘—40,°0. 
sin(2w!+ ¢). From Eq. (8) it is evident that at extremely 
low frequencies @2/@,=0.52, so that this assumption is 
not valid; it is valid at higher frequencies, ‘however. 
Since the long equation must hold identically at all 
times, it can be broken into individual equations in- 
volving the coefficients of the sine and cosine terms of 
each frequency. These equations are 


constant: a/9?0,+ $a (762 sin¢— b0;4=0 (14) 


cos2wt: 22w6, cosd—al 70. sind—al 76; 
+4b0,°6.sin@=0 (15) 
sin2wl: 2wsind+al’cos¢—4b0,;coso=0. (16) 


Terms of angular frequency higher than 2w are neglected 
as having little effect upon the components of lower 
frequencies. 

Solution of Eq. (16) for sing gives 


sin¢= (4B—1)/[A2+ (4B—1)?]}!2 (17) 


where A=2w/al,? and B=66,;?/al,?. Substitution of 
Eq. (17) into Eq. (15) gives 


02/0,=1/LA*+ (4B—1)?}¥”. (18) 
Substitution of Eqs. (17) and (18) into Eq. (14) gives 
2(B—1) = (4B—1)/[A?+ (4B—1)?]. (19) 


If the frequency is sufficiently high, the temperature 
of the filament is constant, and is given by Eq. (3). 
For this condition of high frequency, B=1. If the 
frequency is not so high as to maintain constant tem- 
perature in the filament, but still high enough that 
62/0,<0.2, then the value of B remains very nearly 
unity. This is evident from Fig. 2, which shows that B 
is almost constant with respect to A. If the assumption 
is made that within the region of interest, always B=1, 
then Eq. (17) becomes 


sing=3/(A2+9)!2 (20) 
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and Eq. (18) becomes 
62/0,;=1/(A?+9)!”, (21) 


Equations (20) and (21) can be combined with Eqs. (11), 
(12), and (13) to allow calculation of the components of 
voltage across the lamp for any value of the parameter 
A, so long as A is not too small. 

The results of such calculations are shown in Fig, 2, 
Numerical values for A>4 were obtained from the 
equations of Sec. IV. Numerical values for A—0 were 
obtained from the equations of Sec. III. The dotted 
portions of the curves for 0<A<4 are merely inter. 
polated, since none of the equations are strictly valid 
in this region. 

If parameter A(=2w/alo*) is large enough that 
A*>9, then approximately 62/6:=1/A, sin ¢=3/A, and 
Gi=G;=1/2A. These relations, then, are applicable for 
high frequencies or small currents. If A is not suff- 
ciently large, Gi+G3, and the out-of-phase component 


of voltage is not of the same amplitude as the third- 


harmonic component. 
A curve showing the instantaneous current in the 
lamp as a function of the instantaneous voltage across 


! 2 + 10 20 co 








= 


Fic. 3. Current-voltage characteristics for the lamp carrying a 
sinusoidal current. Only the portion of the characteristic in the 
first quadrant is shown; an exactly similar curve should appear 
also in the third quadrant. Values of A are indicated. 





e 


it, with time as a parameter, presents a picture of its 
operation. Because of the variation of the extra com- 
ponents of voltage with the quantity A, this current- 
voltage characteristic assumes different forms as A 
varies. In Fig. 3 are shown several such characteristics 
plotted from the equations previously developed, with 
the numerical value of A corresponding to each being 
indicated. These characteristics are for a sinusoidal 
current, and only the portion of the curve in the first 
quadrant is plotted. An exactly similar curve should 
appear also in the third quadrant. 

If A approaches zero, the characteristic is a single- 
valued curve, e=c(a/b)"/*i5/*, As A is made larger, the 
characteristic becomes a double-valued curve, with 
time increasing clockwise around the loop. The loop 
assumes its maximum opening when A is about two. 
If A approaches infinity, the characteristic is a straight 
line, e=c(a/b)"*J,?/*i. The opening of the loop comes 
about, of course, because of the time delay in the 
temperature of the filament with respect to the current 
in it. 
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V. LAMP IN BRIDGE CIRCUIT 


The foregoing analysis applies to the case of a 
sinusoidal current in the lamp and leads to expressions 
for the nonsinusoidal voltage across it. A similar 
analysis could be used to obtain the nonsinusoidal 
current in the lamp for a sinusoidal voltage applied 
across it. However, if the amount of nonlinearity is not 
too large, it is not necessary to repeat the analysis. An 
equivalent circuit,’ generally valid for the lamp, is 
shown in Fig. 4. In this circuit, r is the equivalent resis- 
tance for the lamp and is very nearly r=c(a/b)"*J,?", 
Factors G; and G; are given by Eqs. (12) and (13); the 
polarities of the generators are chosen to fit Eq. (11). 
Fundamental components of current and voltage are 
i, and 1, respectively. 

As the lamp is normally used in a stabilizer, it is a 


' portion of a bridge, the other elements of which are 


linear resistances. A possible configuration is shown in 
Fig. 5. An equivalent for this bridge circuit is shown in 
Fig. 6, where an equal-arm bridge is assumed. Voltage 
E, is the fundamental component of voltage across 
the lamp, and is Eo>=Er/(r+R). For the equal-arm 
bridge adjusted for best balance, Ey>=E/2. For this 
condition of best balance the voltage appearing across 


= WZ I. Sin wt 
Fic. 4. Equivalent cir- |~ °—*-; 
cuit for the lamp. Fun- r }e=WZ a 
damental rms ampli- 
tudes of current and 
voltage are Jy and Ep, 
respectively. 


G.VZ E, cos wt 


G;42 E, cos (SZwt + ¢) 


the output terminals of the bridge is 
e,=2!2E[r/(r+R) ][ —Gicoswl+G;cos(3wl+¢) ]. (22) 


This voltage, representing the effects of nonlinearities 
in the lamp, limits the optimum performance of the 
stabilizing system. 

It is desirable that the voltage of Eq. (22) be mini- 
mized in any actual stabilizing system. Ideally, it may 
be reduced by increasing the magnitude of quantity A. 
If the frequency is assumed fixed, A can be increased 
for a given lamp by reducing the current in it. Too 
small a current will cause the operating temperature 
to become so low that it is no longer much higher than 
the ambient temperature, which is undesirable. Al- 
ternatively, A can be increased by choosing a lamp 
for which parameter a is small. This parameter is related 
to the heat capacity of the filament, and will be reduced 
by increasing the heat capacity, i.e. choosing a lamp of 
higher wattage rating. Either of these procedures for 
increasing A will tend also to make the stabilizer slug- 
gish in its response to changes in input voltage. 

Once the lamp and its operating conditions are 
chosen, the effect of the distortion voltages may be 
reduced by balancing them from the output of the 








‘W. J. Cunningham, J. App. Phys. 23, 653 (1952). 





Fic. 5. Possible bridge 
circuit with lamp for use 
in stabilizer system. 





bridge.’ In particular, the out-of-phase component can 
be removed by adding a capacitor to the arm of the 
bridge in series with the lamp. This capacitor may go 
either in series or in parallel with the resistor, and its 
value must be chosen so as to introduce an out-of-phase 
voltage sufficient to cancel that produced by the lamp. 
It is not difficult to show from the circuit of Fig. 6 
that the value of capacitance needed for compensation 
is given by the following equations: 


parallel connection: C=1/2ARw=al,?/4Rw? (23) 
series connection: C=2A/Rw=4/al(?R. (24) 


In these equations, R is the resistance of one arm of the 
equal-arm bridge, and it is assumed that A*>9. It is 
evident from Eqs. (23) and (24) that the series connec- 
tion is desirable in that compensation is then independ- 
ent of frequency. However, the value of capacitance 
needed in the series connection is so much larger than 
that in the parallel connection that the latter is com- 
monly used. 

A further result predicted by the analysis is that the 
reference voltage obtained from the balanced bridge is 
not entirely independent of frequency. Balance of the 
bridge is dependent upon the resistance of the lamp, 
which can be found from Eq. (11) as 


r=c(a/b)"*7,?/3(14-62/26; sing). (25) 


In writing this equation, @; is taken to be constant at 
(a/b)*/*J°/*, which has been shown to be nearly true. 
If conditions are such that A?>9, then Eq. (25) becomes* 


r=c(a/b)"*1,2(143/2A2). (26) 


Since A depends upon frequency, both r and the 
balance conditions of the bridge will vary with fre- 
quency. In practice usually A is large enough that this 
change with frequency is quite small. If the frequency 
is zero, from Eq. (4) the resistance is 


r=c(a/b)'87,2/, (27) 





R 
ccc, 


be,=IZE, sinwt R 






Fic. 6. Equivalent cir- 
cuit for lamp in equal- + + 
arm bridge. Fundamen- ye 
tal rms voltage across 

lamp is Ep. © G,v2 E, cos wt 


G52 E, cos(3wt + $) 











* Nole added in proof: A value for B, more accurate than B=1 
but subject to the condition that A*>>9, is B=(2A?—1)/(2A?—4) 
=1+3/2A*. With this value, Eq. (26) becomes 


r=c(a/b)"37 /3(14+3/2A?)%3, 
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Thus, the resistance is the same at zero and very high 
frequencies, but is slightly larger at intermediate 
frequencies. . 


VI. EXPERIMENTAL MEASUREMENTS 


As is true for most nonlinear circuits, the preceding 
analysis is only approximately correct. The physical 
assumptions leading to Eqs. (1) and (2) are only 
partially justified but serve to give a simple form to 
these equations. The resulting current-voltage relation, 
Eq. (4), does agree well with that found by experi- 
menters. Further analysis based on Eqs. (1) and (2) 
contains a number of mathematical approximations. 
Whether or not these approximations are justified will 
depend upon actual experimental conditions. 

Measurements have been carried out on several high 
vacuum lamps, including a 115-volt, 6-watt lamp, .and 
several 6-volt pilot lamps. The current-voltage charac- 
teristics, such as shown in Fig. 3, are easily observed 
with an oscilloscope and are found to agree well with 
these curves. These characteristics can be observed at 
frequencies from almost zero upwards. The distortion 
voltages produced by the lamp when used in a bridge, 
such as Fig. 5, are readily measured. Such measurements 
carried out over a wide range of both frequency and 
current in the lamp show the proper variation of dis- 
tortion voltages with both these quantities. The ob- 
served amounts of distortion indicate that the value of 
parameter A for typical operation of the lamp is usually 
much greater than ten. If A, Jo, and w are known, then 
parameter a can be found. For the 115-volt, 6-watt 
lamp, parameter a@ is about a=9000 amp~™ sec". 

The theory is inadequate for values of A just greater 
than zero but less than four, for which the curves of 
Fig. 2 are shown dotted. Indicated on these curves are 
points obtained from experimental measurements with 
the 115-volt, 6-watt lamp. 

The value of the parallel compensating capacitance, 
as found from Eq. (23), is readily checked. The series 
capacitance, required by Eq. (24), is so large that 
measurement becomes difficult. In all cases where 
experimental measurement is possible, the agreement of 
the measured data with that predicted by the equations 
is within the error of the measuring techniques. 
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APPENDIX. STEP-FUNCTION RESPONSE 


The response of the lamp to a step wave of voltage applied 
across it can be approximated also. Equations (1) and (2) can be 
combined to eliminate 0, giving 


CPde/dt—citedi/dt=actibe—bet, (A.1) 


where the ambient temperature 9 is neglected as in the steady. 
state analysis. A type of step wave occurring often in practice jg 
that in which the voltage e changes suddenly at time equal to 
zero from an initial constant value £; to a final constant value E,, 
Except at the instant of change, de/dt=0. Following the change 
e= E>, so that the equation applying for positive times, #>0, is 


di/dt= —ai®+-(b/c) Ei. (A.2) 
For negative times, ¢<0, 
i=1,=(b/ac*)"5E\3/5= g, EF), (A.3) 


where g; is the initial conductance of the lamp. Just at ‘=0, the 
current jumps to the value 


t= Im=g1E2= (b/ac*)"®E,?5Es, (A4) 


since the temperature and conductance cannot change instan- 
taneously. After a very long time, >, the current becomes 


i= I_=(b/ac*)5E, 5/5, (A.5) 


While the current is assuming its final value, it is given approxi- 
mately by 


t=I,—(I2—Im) exp(—at). (A.6) 


If this approximate solution, Eq. (A.6), is substituted into Eq. 
(A.2), a series of terms with factors exp(—ma#) results, where » 
is an integer. Since the solution must hold at all values of ¢, terms 
for any given must satisfy the conditions of the equation. From 
these conditions it is not difficult to show that 


a= 5(a5b?/c®)/5E, 9/5, (A.7) 
A time constant for the lamp may be defined as 
7=1/a=(§)(c*/a%b*)5E,-98, (A.8) 


In other words, the time constant for any given lamp varies 
with E,-*5, This variation is essentially the same as that found 
from experimental tests.5 The time constant is reduced by operat- 
ing at a higher voltage and, accordingly, a higher current. 

The approximate solution, Eq. (A.6), is reasonably accurate so 
long as the voltage change is not too large, i.e., so that the ratio 
E,/E, is nearly unity. If this ratio departs considerably from 
unity the solution is not correct. 

In this analysis a unidirectional voltage was assumed. The same 
analysis is applicable for an alternating voltage of relatively high 
frequency having rms amplitudes of EZ, and Es. 


5See reference 3, p. 315. 
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X-Ray Absorption Corrections for Single Crystals* 
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It is shown in this paper that exact expressions may be derived for the absorption factor for the intensity 
of Bragg reflection by a small euhedral crystal completely bathed in a parallel x-ray beam. The expression is 
a sum of terms evaluated for subdivisions of the crystal determined according to discontinuities in boundary 
conditions imposed by the distribution of edges between the plane faces of the crystal. For a prismatic 
crystal of constant cross section, general expressions are derived for five general types of subdivisions in 
terms of the linear absorption coefficient and certain linear dimensions. Other expressions are also given for 
other types of subdivisions which arise in certain cases. The application of the method, including corrections 
for secondary extinction, is illustrated by calculations on tetragonal barium titanate. 





INTRODUCTION 


A’ demands on the precision of crystal structure 
analysis increase, more emphasis is being placed 
on accurate measurement of diffraction intensities. One 
of the most troublesome factors opposing this trend is 
the effect of absorption of x-rays in the crystal used to 
measure these intensities. Several methods have been 
suggested which allow for the absorption effect by 
some approximate method.' This paper describes how 
the absorption effect on diffraction intensities may be 
determined by means of exact expressions for single 
crystals of known shape and dimensions. 


THE ABSORPTION EFFECT 


The total diffraction energy E of a given diffraction 
beam for a single crystal rotating at an angular ve- 
locity w is 


Ew=AQVI», (1) 


where Jy is the intensity of the incident x-ray beam, V 
is the volume of the crystal, Q is a function of the struc- 
ture factor and includes the Lorentz and polarization 
effects, and A is a factor caused by absorption and is 
different for each reflection. The factor A is a function 
of the physical properites » (linear absorption coeffi- 
cient) and Q (as a result of extinction), the geometrical 
properties 20 (Bragg angle), the shape, dimensions and 
position in the beam of the crystal. It is the ratio of the 
diffraction intensity given by the crystal with absorp- 
tion to that which would be given without absorption. 
With absorption, according to Fig. 1, 


Ba= 1g f ererods; 





* The work described in this paper was carried out mainly under 
ONR Contract NSori-07801, and in minor part at Philips Labora- 
tories, Inc. The author’s present address is United States Geo- 
logical Survey, Washington, D. C. 

1G. Albrecht, Rev. Sci. Instr. 10, 221 (1939) ; O. P. Hendershot, 
Rev. Sci. Instr. 8, 324 (1937); R. G. Howells, Acta Cryst. 3, 366 
(1950). 


therefore, 


f eH (tittle) dy 


A= j (2) 
dv 


The exponential integral in Eq. (2) cannot be carried 
out exactly for crystals whose boundaries are curved 
(cylinders or spheres), but exact solutions are possible 
for crystals bounded by plane surfaces. The integration 
must be carried out in sections according as the bound- 
ary conditions change at the edges of the crystal. To 
make the problem practicable, we must assume that 
the crystal is prismatic and consider only diffraction 
angles in a plane perpendicular to the axis of the 
crystal. The more general cases have not been studied, 
but they become so involved that it will be very seldom 
that a case will arise in which it will be worth while to 
consider them. The two-dimensional case can be gen- 
eralized to some degree, as will be described below. 





BOUNDARIES 


In a general case we may divide the crystal section 
into areas with boundaries formed by the surfaces of 
the crystal and by lines drawn parallel to the incident 
and diffracted beams. Thus, a crystal of rectangular 
cross section is divided into four areas in the case shown 
in Fig. 2a. The limits of the exponential integral in 
Eq. (2) are different for each area 7, so that Eq. (2) 


Crystal 
surfaces Oiffracted 


beam 





Incident t, as 
beam 


Fic. 1. X-ray beams in the crystal. 
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a b 


Fic. 2. Subdivision of crystal section. 


becomes 


j 


j 
Ef ercwrinds j 
Poms. 22 


uS 
f ds 


where Z; is the exponential integral of each subdivision 
multiplied by yu’, and S is the area of the section for the 
two-dimensional case. The areas j=1, 2, and 3 are 
triangles and can be integrated at once, but the area 
j=4 must be further subdivided into areas of simpler 
shapes. This can be done to give eight areas as shown 
in Fig. 2b. All areas can now be classified into five 
types, as follows: 

I. A parallelogram in the crystal interior, the direct 
and diffracted beam both passing through distant 
surfaces. 

II. A triangle adjacent to a crystal surface, through 
which both the direct and diffracted beam pass. 

III. A triangle adjacent to a crystal surface, through 





(3) 
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which the diffracted beam passes, the direct beam 
passing through a distant surface. 

IV. A triangle adjacent to a crystal surface through 
which the direct beam passes, the diffracted beam pass. 
ing through a distant surface. 

V. A triangle adjacent to a crystal surface, both the 
direct and diffracted beam passing through distant 
surfaces. 

These five general types are illustrated in Fig. 3, jp 
which certain dimensions are defined. 


ABSORPTION INTEGRALS 


As typical examples, the absorption expressions are 
derived for types I and II. In all five cases double jn- 
tegration is carried out parallel to the x-ray beams, 
which are taken as the direction of x and y. The area 
element ds=sin2@dxdy, where 26 is the Bragg angle. 

For type I, the absorption differential from Eq. (3) 
becomes 


1 
—dZ, = ee (trie) ds = e—u (etartkey) eu (ut yitelky) sin26dxdy, 
yu? 
where 
k,= x2/Yos ky= %o/Y2 ; 


1 yo 0 
—Z;=e #oItw sin20 f f eB (tks) ye—e (141 ‘Wadxdy 
a 0 0 


: -w(aity) 
k, sin20e# Grr 


Z1= 
(k2+1)(ky+1) 





[e~ (xo+y2) — 1 |[e~* (re+yo) — 1}. 


For type II 


1 
—dZn = g—#lz—ko (yo—v)] e—u[y— (z0—2) /ko] sin20dxdy 


u? 


Fic. 3. Five general types 
of subdivision. 
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TABLE I. Expressions for Z;, general types I to V (Fig. 3). 









































am . ko=xo/Yo ke=x2/yo ky=xo/y2 
ugh Type Zi 
aSs- k, sin20 
I eH(zi+w)_ snl e#(zo+y2) _ 1 ][e Het) —1). 
ant ky sin26 
Ht ——_— [Mate + plset-ye)— 1) 
. (ko—1)? 
ly In 
ko sin20 
1 iat —— [ket 1)e “MF — (ho hele Mt + (hro—1)]. 
(kz+1)(ko—1)(Ro+kz) 
are ko sin26 
Ila (ko= —kz) a —L[e~H(40—20) + 14 o—%0) — 1]. 
‘in- (ko—1)? 
‘Ms, . 
1Tea sin20 > 
IIIb (ko= k= 1) e~*L—_ 1 —¢2#0(Juxo+-1) J, 
: 4 
(3) : 
k, sin260 . 
IV eeu [(Rotk,)e—# (rot) —ho(ky+1)e—# ot) + b, (ko—1)]. 
(Ry+1)(Ro—1)(ko+k,) 
dy, ko sin26 
IVa (ko= —k,) c= —[eh(0- 00) + 14(¢9— yo) —} ij. 
(ko—1)? 
IVb (ko=k,=1) Same as IIIb. 
k, sin20 
V e Baty) __ ae 
r (Ry {ky +1} —Rofky+1}) (ke +1) (ky +1) 
dy 
. X [ho(ky+ le #2) — ky (ke + lye Ht) 4 (hy {he +1} —kof ky +1})]. 
where which has been encountered is shown in Fig. 5. Ex- 
; pressions for Z; are derived by double integration paral- 
ko= X0/Yo; lel to the crystal edges and are given for these special 
1 types in Table IT. 
—Zy, =e Hourtzo/ko) sin 29 Thus it appears that the analysis of a crystal section 
uw can be generalized only to a limited extent, when the 
yo pro five types of subdivisions of Table I can be applied. 
x f f e #(itkoue-#+/kozdxdy There are cases when such a subdivision is not possible 
0 *ko(vo—y) (except in part), or where another kind of subdivision is 
ko sin26 more convenient. For any case, however, exact expres- 
Sb penaninensin J [eH kot Du — 1 dy sions for Z; can always be found, and, when special 
u(Ro+ 1) 0 
Ro sin2@ 
u= agpae alie (zo+yo) 4 u(x%o+ yo) — 1}. 
(ko+1)? 
The expressions for Z; for the five types are given 
types 


in Table I. Occasionally these expressions degenerate 
to simpler forms, when certain relations between the 
x-ray beams and the crystal faces obtain. Such expres- 
sions must be derived from the original integrals. Some 
of these expressions are given in Table I. 

In some cases it is more convenient to subdivide the 
crystal section by lines parallel to the crystal edges 
when such a process results in fewer areas and simpler 
forms for Z;. For example, the section of Fig. 2 may 

’ be subdivided as in Fig. 4. Another type of subdivision 


Fic. 4. Special sub- 
division. 
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Fic. 5. Special sub- 
divisions. 
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expressions are necessary, it will usually be found that 
such expressions will be applicable to an appreciable 
number of reflections for a given crystal. 


CALCULATION OF ABSORPTION FACTORS 


In calculating the absorption effect for a large number 
of reflections, each reflection must be treated separately. 
The procedure adopted for the present work consisted 
first of drawing a sketch of the crystal and its sub- 
divisions. The dimensions necessary according to Fig. 3 
or 4 are either calculated or measured from the scale 
drawing. All dimensions are multiplied by y, the linear 
absorption coefficient. If secondary extinction is in- 
cluded yu will be different for each reflection. 


EVANS, JR. 

As examples we cite two reflections from a tetragonal 
barium titanate crystal whose dimensions in cross see. 
tion are 0.160X0.071 mm. The (203) reflection is pro- 
duced under the conditions shown in Fig. 6. The linear 
absorption coefficient uo calculated for this crystal js 
198 cm“, and for this reflection we include a small ex. 
tinction, giving u= 205. The dimensions of the crystal 
multiplied by u are X = 1.456, Y= 3.280, area uw2S= 4,77} 
(in dimensionless units). The summation of formulas is 
as follows: 


Subdivision 
j in Fig. 6 Type Zi 
1 rd 0.325 
2 IV 0.058 
3 I 0.130 
4 IIIa 0.073 
5 IVa 0.004 
6 I 0.025 
7 Ill 0.007 
8 y 3 0.086 
2Z;=0.708 
>Z; 0.708 
wS 4.771 ee 


The reflection (501) as illustrated in Fig. 4 has a 
larger extinction correction giving »=215. Then 
X=1.528, Y=3.440, and w2S=5.250 (dimensionless 


TaBLe II. Expressions for Z;, special types VI to XIII. 
1 1 
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sing sinw 
Type Figure Zi 
e7hbo/sinw 
VI 4 —[1—e~#*"2(usbo+1) J. 
s? tanw 
e—Hbo/ sing 
VII 4 [1+e—#*!(usb; —1)]. 
s? tang 
e7ubo/ sinw 
VIII + [1 —e #92 uae. 
$s 
e—bbo/ sing 
IX 4 Cet#ebt— 1 Jyar. 
$s 
cotw ; : 
xX 5 —[sin geo! sing — sinwe—Hb0/#inw + (sinw —sing) J. 
$s 
p(do—bo cotw) 
XI 5 —_—_—_——[[e— bo] sinw _ ¢—nbo/ sing), 
$s 
(cot@—cotw) 
XII 5 —————[[(usbo+ 1) e— 00! sing — e—pbo/sinw) 
$s 
cote 
XIII 5 Zx—. 


cotw 














uni 





onal 


Pro- 
near 
al is 
l ex. 
sta] 
771 
as is 


as a 
Then 
nless 





X-RAY ABSORPTION CORRECTIONS FOR SINGLE CRYSTALS 667 


units). The summation is as follows: 


Subdivision 
j in Fig. 4 Type Zj 
1 II 0.149 
2 IV 0.031 
3 III 0.216 
4 VI! 0.004 
5 VII 0.239 
6 VIII 0.085 
7 IX 0.412 
2Z;=1.136 
1.136 
A = 5950 70-216. 


THE ABSORPTION TOPOGRAPHY 


Where extinction is not important some saving in 
time may be gained by plotting a number of strategic 
values of A on Weissenberg coordinates. The values of 
29 and w (angular position of the crystal) for MoKa 
reflections (Ol) of tetragonal BaTiO; are plotted in 
Fig. 7, and produce the familiar Weissenberg pattern. 
Superimposed on this pattern are contours representing 
the variation of A as a function of 26 and w. The dis- 
continuities in this function correspond to the conditions 
of grazing incidence of either the direct or diffracted 
beam with the surfaces of the crystal. This phenomenon 
is identical with that described by Buerger? and by 
MacGillavry and Vos.’ If the crystal is producing 
fluorescent scattering, this scattering will be uniform 
over 20 and w, and, except for the absorption factor A, 
the same as for Bragg reflection (without extinction). 
MacGillavry has shown that a photometric measure- 
ment of such a background on a Weissenberg film may 
be used to determine approximately the shape of the 
function A(26,w) in order to estimate the corrections 
for the Bragg reflections. Such measurements will be 
useful when the absorption coefficient is not very dif- 
ferent for the incident and fluorescent wavelengths, 
that is, for the paths ¢; and 2 of Fig. 1. More generally, 
the shape of the function may be approximated by 
computing a few strategic values of A, using the methods 
described above. 





Fic. 6. Example 
of calculation of ab- 
sorption factor. 











*M. J. Buerger, Z. Krist. 99, 189 (1938). 
°C. H. MacGillavry and H. J. Vos, Z. Krist. 105, 257 (1943-44). 
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Fic. 7. Absorption topography on Weissenberg coordinates. 


SECONDARY EXTINCTION 


Because of the drain of radiation energy from the 
x-ray beam as a result of the diffraction process as it 
passes through the crystal, the ordinary linear absorp- 
tion coefficient yo will be increased by an amount 
proportional to Q, 


B=pot gQ. 


When Q is not known, some method of intensity meas- 
urement must be used in which secondary extinction 
does not play a part. For example, the strong, low- 
Bragg-angle reflections may be measured from powder 
patterns, although in such methods preferred orienta- 
tion is always a hazard, sometimes very serious. When 
Q is known, at least approximately, the value may be 
estimated by trial. This was the procedure used for 
tetragonal barium titanate. In this case, A- for twelve 
strong, low-Bragg-angle reflections was calculated for 
various values of g, and the quality of it estimated by 
computing the usual reliability factor, 


Dd | | Fovs| — | Featc| | 
R= 
X | Fovs| 


> | Fone| = >- | Feate| - 


The results of this work are shown in Table III. The 
best value is seen to be near g=5.06X 10%, and this was 
used finally in calculating all absorption factors. 

As far as the importance of secondary extinction is 
concerned, it is felt that since the magnitudes of 
ordinary absorption and extinction effects vary roughly 
as the average electron density of the crystal, the aver- 
age influence of extinction will increase, as the ordinary 
absorption effect increases. That is, extinction will 
generally be more important for highly absorbing crys- 
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where we set 
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J 
TABLE III. Determination of secondary extinction in barium titanate. 
ts 
gX1073 =1.45 2.90 4.35 5.06 5.80 6.50 
hOl 7 A “ A A “ A A a A 
100 214 0.230 230 0.208 246 0.179 254 0.169 262 0.159 270 0.151 
200 258 0.175 318 0.117 378 0.079 409 0.066 438 0.056 467 0.048 
300 202 0.248 206 0.242 210 0.236 211 0.235 214 0.230 217 0.229 
001 214 0.062 230 0.052 246 0.045 254 0.043 262 0.041 270 0.039 
002 258 0.071 318 0.050 378 0.039 409 0.035 438 0.033 467 0.031 
003 202 0.131 206 0.128 210 0.125 211 0.124 214 0.122 215 0.122 
101 257 0.137 317 0.094 376 0.080 406 0.058 436 0.050 466 0.044 
102 205 0.149 210 0.147 216 §='0.145 218 0.144 222 0.142 229 0.141 
103 211 0.109 224 0.097 237 0.088 243 0.085 250 0.081 257 0.078 
201 204 ~—«0.228 210 0.220 216 0.212 219 0.208 222 0.205 225 0.201 
202 226 0.159 254 0.132 282 0.111 296 0.104 310 0.097 324 0.092 
301 211 0.222 224 0.205 237 0.187 243 0.177 250 0.168 256 0.161 
R=0.129 0.097 0.083 0.079 0.082 0.089 T 
tals, and generally less important for low absorbing ously mentioned crystal with a Geiger counter, using trir 
crystals. techniques which will be described in detail elsewhere. tha 
The calculated values are based on three structure ten 
TETRAGONAL BARIUM TITANATE parameters and nine temperature parameters. For 99 has 
The methods for correction of intensity measure- reflections, R= 4.72 percent. If low-angle reflections are ve 
ments for absorption and secondary extinction have omitted, the remaining 83 reflections give a factor fun 
been applied to a detailed crystal structure study of R=3.72 percent. In this case, A ranges from 0.085 to tow 
tetragonal barium titanate. The factor A was calcu- 0.325. The larger deviations at low angles may be caused thi 
lated for 99 reflections with secondary extinction in- in part by the presence of a small amount of primary ate 
cluded. The factor ranged from 0.035 to 0.325. The extinction, or to the departure of the true crystal struc- lay 
success of the calculations is indicated somewhat by ture from the Hartree atom model used for the calcu- ap) 
the reliability factors which were obtained for the final lated structure factors. The details of the structure du 
structure. The intensities were measured on the previ- analysis will appear in another place. lov 
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The activity of this barium-on-tungsten cathode is maintained by dispensing barium from a pellet of 
barium compound. The dispensing mechanism is shown to be controlled by surface diffusion of barium 
over tungsten. Despite incomplete coverage of the emitting surface with barium, and almost complete 
absence of streaming of active material out through pores in the surface material, evaporation of barium 


is sufficient to be of concern in certain applications. 





I. INTRODUCTION 


HE monolayer-activated thermionic cathode, 

given its initial stimulus by Langmuir,! is in- 
trinsically a very attractive source of electrons. The fact 
that active material evaporates more slowly at a given 
temperature from a monolayer than from bulk material 
has made it possible to heat low-work-function materials 
very hot in monolayer form. Furthermore, the work 
function of a material one atom layer thick is often 
lower than that of the same material in bulk. Some 
thirty years after its announcement Langmuir’s thori- 
ated tungsten cathode, which is activated by a mono- 
layer of Th, continues to be the best emitter in many 
applications. Difficulty has been experienced in pro- 
ducing stable monolayer emitters from materials with 
lower work functions than thorium because of the higher 
volatility of such substances. The problem was attacked 
by Hull,” who devised a monolayer cathode in which 
the active layer was continuously replenished by a 
“dispenser”’ containing a barium compound. The dis- 
penser idea has been applied to a barium monolayer 
on tungsten,’ and publicized by the Philips Company as 
their L cathode. 


Il. DESCRIPTION AND PERFORMANCE 


The LZ cathode has been constructed by Philips in 
several forms, all of which operate with a basic design 
consisting of a cavity containing active material and 
connected to the vacuum space only through pores in 
a tungsten compact whose surface serves as the electron 
emitter. The particular form which has been most 
available is illustrated in Fig. 1; the experiments to 
be described were carried out on this type. The diameter 
of the emitting surface (tungsten compact) is nominally 
3mm. The cavity originally contains barium carbonate, 
usually with some strontium carbonate as well. Activa- 
tion is obtained, after degassing the cathode, by 
thermal breakdown of the carbonate at about 1100- 
1200°C and operation in about this temperature range 
until emission stabilizes. 

The performance of the cathode is evident from the 
li— V plot shown in Fig. 2. Such curves reproduce quite 

'T. Langmuir, Phys. Rev. 22, 357 (1923). 


*A. W. Hull, Phys. Rev. 56, 86 (1939). 


*Lemmens, Jansen, and Loosjes, Philips Tech. Rev. 11, 341 
(1950). 


well from one cathode to another. Current densities of 
20 or 30 amperes per cm? can readily be obtained, but 
only at high operating temperatures. In any con- 
templated application, one must take into account both 
the emission capabilities and the evaporation rate, 
discussed later. 


III. PROPOSED OPERATING MECHANISM 


F. K. duPré and E. S. Rittner* have described the 
operating mechanism of this cathode as constituted of 
the following processes: 

1. Thermal decomposition of the BaCO; to BaO. 

2. Evaporation of BaO as oxide within the cavity. 

3. Streaming of BaO vapor into the pores of the 
tungsten compact. 

4. Reaction of BaO with tungsten, producing barium. 

5. Surface migration of Ba atoms along the pores 
and over the emitting area. 

6. Evaporation of active material from the emitting 
surface. 

7. Electron emission from a layer of Ba on O on W. 

Even if the general correctness of this plausible 
mechanism be accepted, important unanswered ques- 
tions remain, such as: 
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Fic. 1. Cross section of a disk-type L cathode. 

‘F. K. duPré and E. S. Rittner, Symposium on Electron 


Emission of the Division of Electron Physics, A.P.S., New York, 
January, 1951. 
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PLATE VOLTAGE IN VOLTS 


Fic. 2. Ji—V plot of pulse emission data taken on 
3-mm diameter L cathodes. 


1. Is it possible to draw higher emission densities 
than those so far attained from such a cathode? 

This question depends on whether or not the tungsten 
surface is completely covered by barium, and if so 
whether the coverage is more than a monolayer thick. 

2. Is it possible to reduce a reportedly high rate of 
evaporation from the cathode surface? 

This question, as well as the first, is related in part to 
the degree of surface coverage existing under operating 
conditions. It also depends on whether BaO streams 
out the pores in parallel with the surface diffusion 
process. In general the question depends on which of 
the seven previously-mentioned processes determines 
the evaporation rate. 

3. There appears to be some doubt whether the 
chemisorbed layer of oxygen, assumed by duPré and 
Rittner to underlie the surface barium, is really stable 
enough to remain through the life of the tube as 
barium diffuses over and evaporates from the tungsten 
cathode surface. 

The purpose of this paper is to provide such experi- 
mental evidence of the physical processes at work in 
the cathode that answers to these and other questions 
relating to this emitter are possible. 





Fic. 3. Emission micrographs of an L cathode with two con- 


ditions of surface coverage. Total area represents a circle 0.030” 
in diameter at the center of the cathode. 
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WHITE 
IV. EXPERIMENTAL STUDY 


Various features of the cathode mechanism have beep 
studied separately; the experimental procedures and 
results will be discussed individually in the following 
sections. 

All temperatures given are true temperatures. These 
were determined by a blackbody study of one of the 
cathodes carried out by drilling a small hole through 
the porous tungsten. The spectral emissivity of the 
porous tungsten compact was found to be 0.7 at 0.65. 
micron wavelength in the temperature range of interest. 


(a) Degree of Surface Coverage 


The most direct method of showing whether the 
tungsten surface is completely or partially covered with 
barium is by means of emission microscopy. We have 
employed this method by sealing an L cathode into a 
cathode-ray tube structure and focusing a picture of the 
emitting surface onto the phosphor screen of the tube. 
A 10-inch cathode-ray tube without an ion trap was 
used. The gun consisted of a first and second grid and 
a cylindrical anode as normally used in the 10F P4 tube. 

Emission micrographs are best when taken at rela- 
tively low cathode temperatures and high accelerating 
voltages to avoid space-charge effects. Such conditions 
were used in these studies. Low cathode temperatures 
have the added advantage of “freezing” the surface 
distribution of barium while the photograph is taken. 
The procedure used was to operate the cathode at the 
desired temperature for a time sufficient to assure equi- 
librium surface coverage. The cathode temperature was 
then suddenly reduced to a low “measurement” tem- 
perature, where the coverage would not change for a 
long period, and a photograph with adequate exposure 
time was made. 

Emission micrographs made in this way are shown in 
Fig. 3. The photograph on the left was taken from an 
equilibrium operating temperature of 1230°C, the one 
on the right from a temperature of 980°C. In both 
cases, the emission pattern was photographed at the 
same “measurement temperature” of 760°C. To insure 
that any differences in the two photographs were 
differences in the actual emission patterns both pho- 
tographs were taken side by side on the same piece of 
film under the same exposure conditions and were 
processed simultaneously. 

The photograph on the left clearly shows the grainy 
emission pattern to be expected from incomplete surface 
coverage. Although the bright spots cannot be exactly 
identified as individual pores their number is about 
right for such identification rather than for identifica- 
tion as separate crystal faces on the tungsten. 

The photograph on the right, corresponding to equi- 
librium coverage at a lower temperature, shows a more 
uniform brighter pattern corresponding to a higher 
more uniform coverage of the surface of the tungsten 
by barium. This result may be generalized by the state- 
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PHYSICAL PROCESSES 


ment that surface coverage in these cathodes increases 
4s the operating temperature decreases. 

A further inference of incomplete coverage was ob- 
tained by making a Richardson plot of data from 
operating cathodes. This plot gave an effective work 
function of 1.67 volts. This work function could corre- 
spond to a partially covered surface, since the work 
function of W covered by a monolayer of Ba is given 
in the literature® as 1.56 volts. It could not correspond 
toa heavy layer of bulk, Ba, the work function of which 
is over 2 volts. 

Our study of the degree of surface coverage was con- 
cluded by an experiment which confirmed the emission 
micrograph finding that the cathode surface is more 
completely covered at low operating temperatures than 
at high. The results of this experiment are shown in 
Fig. 4. Peak emission was first measured, as shown on 
the curve at zero time, after a period of operation to 
establish equilibrium surface coverage at the initial 
temperature of 1255°C. Heating power was then 
suddenly reduced to a value which ultimately gave a 
temperature of 990°C. As the temperature fell, emission 
fell accordingly, dropping from 0.62 ampere to 0.11 
ampere as the cathode temperature reached its lower 
value. After a period of about four minutes, the 
emission began to rise, indicating an increase in barium 
coverage. The increased coverage at the lower tempera- 
ture resulted in an increase of emission from 0.11 
ampere to 0.14 ampere or 27 percent. The converse 
effect, showing an emission maximum on a sudden 
increase in temperature, was also observed. 

It seems well established that LZ cathodes now 
furnished by Philips operate with a surface incompletely 
covered with active material and that the degree of 
coverage rises with decreasing temperature. 


(b) Evaporation Rate 


We have employed a method which measured evapo- 
ration from the emitting surface alone and thus pro- 
vided an intrinsic parameter of the cathode. Our method 
is subject to some error caused by lack of collimation of 
the stream of evaporant; but is quite reproducible and 
gives directly and accurately the quantity needed in 
some studies such as grid emission. 

The evaporation rate was measured in a tube arranged 
as shown schematically in Fig. 5. Referring to the 
figure, the ZL cathode is spaced 0.015 inch from a plate 
or anode of 0.005-inch thick tantalum. The anode is 
perforated with a 0.030-inch hole, above the center of 
which is stretched a 0.005-inch tungsten wire. The 
wire-anode spacing is 0.010 inch. 

Evaporant from the cathode passed through the hole 
onto the tungsten wire which was held at a constant 
temperature. Observation of the electron emission from 
the wire as a function of time gave the now familiar® 





*A. L. Reimann, Thermionic Emission (Chapman and Hall, 
Ltd., London, England, 1934). 
J. A. Becker, Phys. Rev. 34, 1323 (1929). 
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Fic. 4. Emission transient showing first the effect of cooling 
the cathode and finally the effect of increasing coverage of the 
surface with barium at a lower temperature. 


curve shown in Fig. 6, with a maximum occurring at 
approximately monolayer coverage. The time to reach 
a maximum in the curve is obviously the inverse of the 
evaporation rate in monolayers per unit time for the 
specific temperature at which the cathode is operating. 
The tungsten wire used to intercept evaporant from 
the cathode could be heated to high temperatures for 
thorough initial cleaning and outgassing as well as to 
drive off evaporant collected during previous runs. 


(c) Nature of Evaporant 


The work function of the coated portion of the wire 
used in the evaporation studies could readily be studied 
by Richardson plots under any desired degree of 
coverage. Such plots were made under two particular 
conditions of coverage which were of especial interest. 
The first condition of interest was the condition of 
single monolayer coverage, corresponding to the maxi- 
mum of the emission-time curve of Fig. 6. A Richardson 
plot made under this condition gave a work function 
of 1.58 volts which agrees within experimental error 
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Fic. 5. Schematic arrangement of electrodes for 
evaporation rate measurements. 
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Fic. 6. Increasing emission from the evaporation-measuring 
wire as surface coverage increases, and reduction of emission 
beyond monolayer coverage. 


with the value of 1.56 volts taken from the literature® 
for a monolayer of Ba on pure tungsten. If the evaporant 
had been BaO, the work function expected with com- 
plete coverage would have been 1.0 volt.’ 

The nature of the evaporant from the cathode was 
studied further by continuing evaporation from the 
cathode to far beyond the maximum of the emission- 
time curve, Fig. 6, when a layer of evaporant many 
atomic layers thick had been built up. A Richardson 
plot made under these conditions indicated a work 
function of 2.02 volts as compared with a value of 2.1 
volts given in the literature* for bulk barium. 

These experiments have provided rather convincing 
evidence that the active material which evaporates 
from the Z cathode is barium metal with no more than 
insignificant quantities of BaO. Some additional evi- 
dence will appear in the next section, incidental to a 
study of the mechanism of barium transfer. 


(d) Mechanism of Barium Transfer 


Since the experimental evidence indicates that the L 
cathode normally operates with somewhat less than 
complete coverage of Ba on the surface, it is natural 
to suppose that the process controlling evaporation 
rate will be one of three: 

1. The rate of Knudson flow of BaO vapor into the 
pores of the tungsten compact. 

2. The rate of BaO reduction on contact with the 
tungsten. 

3. The rate of diffusion of Ba over the tungsten 
surface. 

It has seemed reasonable to exclude the chemical 
reduction process as a likely bottleneck since similar 


7G. E. Moore and H. W. Allison, Phys. Rev. 77, 246 (1950). 
* H. B. Michaelson, J. Appl. Phys. 21, 536 (1950). 
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reduction processes are known to be extremely efficient » 
A study of the activation energy of barium transfer ne 
used to distinguish between the two remaining processes 

Figure 7 shows a graph of the results of the barium. 
evaporation-rate studies with the log of evaporation 
rate plotted against 1/7, where T is the equilibriym 
temperature in deg K. The data are plotted for foy; 
different tubes. The slope of this curve gives an activa. 
tion energy of 2.61 electron volts per atom. This valye 
differs so widely from the value given in the literature 
for the latent heat of evaporation of BaO from itself, 
which is 3.91 volts," that evaporation of BaO is ex. 
cluded as the controlling process in the barium-transfer 
mechanism. The essential constancy of the slope of the 
curve over its length also indicates that no significant 
quantity of BaO streams out the pores in a parallel 
transfer mechanism, thus confirming the findings of the 
last section that little BaO is present in the evaporant. 

By a process of elimination, it is found that Ba 
evaporates from the cathode, the rate of evaporation 
being controlled by the rate of diffusion of Ba over 
the surface of the tungsten compact. However, it has 
not been demonstrated whether the diffusion takes 
place over pure tungsten or over a chemisorbed layer 
of oxygen. A separate experiment was performed to 
provide evidence on this point. 
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Fic. 7. Evaporation rate from ZL cathodes as a function of 
temperature. Different type points correspond to each of the 
four tubes used in the measurements. 


® Moore, Allison, and Morrison, Phys. Rev. 75, 347 (1949). 
10 J. P. Blewett, J. Appl. Phys. 10, 668 (1939). 
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A tube was built to determine the activation energy 
or diffusion of Ba over clean tungsten. It is recognized 
that this energy varies with degree of coverage, re- 
ducing as the coverage grows; however, since the 
resence of oxygen would change the diffusion energy 
much more than would moderate changes in coverage, 
4 diffusion experiment should have considerable weight 
in deciding whether a layer of oxygen is present. 

The tube for diffusion study is shown schematically in 
fig. 8. Barium was evaporated from a barium berylliate 
plus tantalum source to a depth of four atomic layers 
onto the rear side of the tungsten ribbon. The thickness 
of barium deposition was determined by observing 
emission to the rear anode, which made it possible to 
find the rate of monolayer deposition as described above 
in connection with Fig. 6. The tungsten ribbon was 
fashed to high temperature for cleaning before the 
start of barium deposition and was held at a constant 
low “measurement temperature” during deposition. 
A small negative potential was held on the guard 
plates during emission measurements to prevent cur- 
rent from flowing to the front anode because of the 
barium on the back side of the ribbon. The diffusion 
study was then carried out by operating the ribbon at a 
“diffusion temperature” for a sufficient period of time 
(sometimes lasting well over 24 hours) to enable the 
emission from the front side of the ribbon, observed 
periodically at the “measurement temperature,” to 
reach a specified value. The time required to reach 
this specified emission value at the ‘measurement 
temperature” must correspond to the time required to 
obtain a certain degree of coverage of Ba on the front 
side of the ribbon. The reciprocal of this time is a 
measure of the rate of diffusion or of the coefficient of 
diffusion in arbitrary units. A plot of the logarithm of 
this reciprocal time against the reciprocal of the tem- 
perature in degrees Kelvin is a straight line, as expected ; 
the activation energy for diffusion may be calculated 
from its slope. Figure 9 shows the curve obtained from 
the observed data. Since fewer points are available on 
this curve than might be desired for accurate slope 
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Fic. 8. Schematic arrangement of electrodes for measurement 
of diffusion rates of Ba on -W. 
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Fic. 9. Log of diffusion rate plotted against reciprocal tem- 
perature of tungsten over which barium is diffusing. 

















determinations, the best straight line was determined 
by the method of least squares. The activation energy 
of diffusion determined from the slope of this curve is 
2.58 electron volts per atom which agrees surprisingly 
well with the value of 2.61 electron volts per atom ob- 
tained from the slope of the Z cathode evaporation 
rate curve in Fig. 7. One is forced to the conclusion 
that on and near the emitting surface barium transfer 
occurs by diffusion over clean tungsten rather than 
over a sorbed layer of oxygen. 

If this conclusion represents the facts, it is natural to 
raise the question, ““What happens to the oxygen mono- 
layer which Langmuir’s work has shown always to be 
present on tungsten unless special measures are taken 
to remove it?” We have calculated the time required 
to remove this monolayer by simple evaporation, 
assuming the normal operating temperature for the 
Philips cathode and evaporation rates of oxygen quoted 
by Langmuir."! It turns out that nearly two years would 
be required to evaporate half of the oxygen monolayer 
under these conditions. 

However, one might consider another mechanism for 
oxygen removal from the tungsten surface. This mecha- 
nism involves the occasional removal of an oxygen atom 
from the surface with the Ba as the Ba evaporates. 
The literature gives no direct information on this sub- 
ject but the recent work of L. T. Aldrich’ gives data 
on the related problem of Ba vs BaO evaporation from 
bulk BaO on tungsten. Although this is not the mono- 
layer condition found in the L cathode, it contributes to 
the logic that the evaporation of Ba from the surface 
may enhance the removal rate of oxygen to orders of 


"J, Langmuir, J. Am. Chem. Soc. 54, 2798 (1932). 
2 L. T. Aldrich, J. Appl. Phys. 22, 1168 (1951). 
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magnitude above that calculated from Langmuir’s 
figures. Aldrich’s work points to an evaporation rate 
of Ba atoms about equivalent to that of BaO molecules 
in the vicinity of 1100°C. If the same ratio were ob- 
tained under monolayer conditions, Fig. 7 shows that 
a monolayer of oxygen would be removed from the L 
cathode of 1100°C in about 10* seconds. Even if the 
BaO/Ba ratio were reduced two orders of magnitude 
under monolayer conditions, a monolayer of oxygen 
would be removed from the LZ cathode in 10° seconds or 
- about 32 hours, which is early in the life of a cathode. 


Vv. CONCLUSIONS 


According to the evidence, the Z cathode operates 
with its outer tungsten surface partially covered by Ba, 
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but without a significant amount of sorbed oxygen on 
the emitting area or the surface of the capillaries near 
the outside. The evaporation rate of barium from the 
surface is controlled by the activation energy of diffusion 
of barium over clean tungsten. Within the capillaries 
near the cavity itself sorbed oxygen may be present 
with the diffusion rate of Ba maintained by a high 
concentration gradient, Ba possibly occurring in layers 
many atomic diameters thick. The oxygen involved jp 
the reduction of BaO must appear as compounds of 
barium, tungsten, and oxygen near the cavity. 

The authors are indebted to C. R. Knight for the 
suggestion to study these cathodes and for useful dis. 
cussion during the course of the work to Dr. Edith B. 
Fehr for valuable suggestions. 
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Existing information on the reduction of spurious signals from instrument cables is reviewed. A tentative 
theory is formulated to account for the known data. Subsequent experiments confirm this theory and allow 
the formulation of a detailed mechanism of noise generation in cables. The noise may be eliminated for 
practical purposes (reduced by a factor of 500 or more in some cases) by having continuous electrical con- 
duction between both surfaces of the insulating dielectric and the adjacent conductors. A simple procedure is 
outlined to make short lengths of this cable for laboratory use, and an industrially applicable method is 
suggested. There appears to be no limit on how small the diameter of such cables could be made. 


INTRODUCTION 


TEZOELECTRIC gauges have been used for many 
years for the measurement of transient pressures, 
accelerations, and forces. Since the charge developed by 
a piezoelectric crystal leaks off at a rate determined by 
the effective resistance across the crystal, it is necessary 
to connect the output of crystal-type gauges to circuits 
having an extremely high effective input impedance, if 
it is desired to obtain good low frequency response from 
these devices. Considerable development work has gone 
into high input-impedance preamplifiers such as cathode 
followers, so that effective resistances of the order of 100 
to 200 megohms are commonly achieved. Since the 
crystal-tvpe gauges are often exposed to conditions of 
shock sufficient to cause spurious signals in the pre- 
amplifier, it is in general necessary to connect the gauge 
to the preamplifier by a short length of cable which thus 
joins two extremely high impedances. Two difficulties 
commonly arise in this type of connection: 


(1) The cable readily picks up signals from electro- 
static fields. This is usually remedied by careful shielding 
* This investigation was conducted under a cooperative program 


of Basic Instrumentation Research and Development sponsored 
by the ONR, U. S. Air Force, and AEC. 


and care in the selection of a single point to which the 
entire instrumentation is grounded. 

(2) It is found in general that the cables generate 
spurious signals when subjected to shock and vibration. 
The mechanism of this effect has not been well under- 
stood and is usually assumed to be somehow related to 
the (converse) electrostrictive effect in the cable dielec- 
tric,! changes in the electrical capacitance of the cable, 
“generation of small potentials in the dielectric itself due 
to intermolecular friction,’” or “static charges developed 
on the outer braided shield, as a result of friction be- 
tween the dielectric and shield.’’* It is the investigation 
of this effect which is the subject of this paper. 


With the advent of barium titanate, it has become 
possible to build crystal-type transducers which com- 
bine small size, low cost, high output, and large internal 


1H. C. Roberts, Mechanical Measurements by Electrical Methods 
(The Instruments Publishing Company, Inc., Pittsburgh, 1951), 
p. 180. ; 

2 R. M. Peirce and V. Siegfried, ‘“Noise Suppression in Coaxial 
Cable,” Annual Report, 1948, Conference on Electrical Insulation, 
National Research Council, Washington, D. C., March 15, 1949, 
p. 36. . 

3R. H. Cole, Underwater Explosions (Princeton University 
Press, Princeton, New Jersey, 1948), p. 163 and 195-198. 
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capacitance (see, for example, references 4 and 5). The 
main limitation on the use of these transducers has come 
fom the deficiencies in the available cables. Com- 
mercially-available “low noise” cablef is bulky, heavy, 
and rigid, and still develops signals which are com- 
parable with the output of crystal-type transducers 
ynder some conditions. A cable to be used with a small 
harium-titanate accelerometer,’ for example, should be 
small, light, and flexible, in order to minimize the me- 
chanical loading effect on the crystal due to the moving 

rtion of the cable. It was therefore thought worth 
while to re-examine current theories on cable noise and 
to test several types of cables in an effort to determine 
whether it might be possible to make or obtain a very 
small, light, and flexible cable with a sufficiently low 
gnsitivity to shock and vibration. 


AVAILABLE “LOW NOISE” CABLES 


Means of reducing spurious cable signals are reviewed 
as of 1946 in Cole’s book on underwater explosions.* At 
that time, the most successful solution to the problem 
was provided by copper-tubing cable developed at the 
David Taylor Model Basin ;° in another approach, tests 
were in progress on the effect of making the outside 
surface of the dielectric a relatively good conductor. 
Since then, special “‘low noise”? Simplex cable has been 
used by several government agencies. Because of its size 
(0.4-in. o.d.) and considerable rigidity, this cable could 
unfortunately not be considered for use with very small 
transducers. 

It is understood from representatives of various 
manufacturers that comparative tests among small, 
flexible, shielded, commercially available cables have 
already been conducted, with results showing large 
variations in spurious noise from one type of cable to 
another and among different samples of the same type 
of cable. None of the cables tested gave entirely 
satisfactory results. 


DISCUSSION OF VARIOUS THEORIES 


Experimental tests of several types of cables showed 
that the capacitance change which can be made by 
mechanically distorting or flexing the cables ranges 
from 0.4 to 2 micromicrofarads. This capacitance change 
appears in parallel with a combined gauge and cable 
capacitance (in a typical case) of a few hundred 
micromicrofarads. In the presence of a signal from the 
crystal, this effect would be expected to cause a noise 


‘L. T. Fleming, Instruments 24, 968 (1951). 

ust K. Guttwein and A. I. Dranetz, Electronics 24, No. 10, 120 
t Manufactured on special order, for example, by the Simplex 
Wire and Cable Corporation. See also reference 2. 

*U. S. Patent No. 2,442,785 to M. M. Shapiro and B. Stiller, 
“Signal-Transmitting Cable Insensitive to Explosion Pressure 
Pulses”; see also A. R. Cohen and B. Stiller, “A Tourmaline 
Crystal Gage for Underwater Explosion Pressure,”’ Report R-157. 
David Taylor Model Basin, Washington 7, D. C.; and M. A, 
Greenfield and M. M. Shapiro, “Instrumentation for Measure- 
ment of Underwater Explosion Pressures,” Report 523, David 
Taylor Model Basin, Washington 7, D. C. 
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signal of not more than 1 percent of the gauge signal, and 
would in general be entirely negligible. 

On the other hand, it is experimentally observed that 
the signal induced by moving or flexing the cable may 
be several times (under some conditions several hundred 
times) the signal from the gauge itself. This has some- 
times been ascribed to either a (converse) electrostrictive! 
or a piezoelectricf effect in the cable dielectric. Data on 
these effects for rubber’ show very little consistency and 
indicate in many cases that insufficient precautions 
were taken against surface effects (see, for example, 
references 8 and 9). The converse electrostrictive and 
piezolectric sensitivities of other ‘amorphous’ dielec- 
trics are too small by several orders of magnitude to 
account for the observed effects. 

The tests reported in this paper started from the 
assumption that the observed effects were due to a 
combination of frictional separation of charges and 
electrostatic induction, and that the generation of cable 
noise depended on the ability of either of the conductors 
(central conductor or shield, in the case of coaxial 
cables) to deposit charges on the surface of the dielectric 
insulator. On this assumption, the noise could be 
eliminated if the dielectric were coated with a reason- 
ably good conductor, so that charges transferred to the 
dielectric from either the central conductor or the shield 
of the cable could immediately leak off. In order to gain 
a complete understanding of the effects involved, it 
appeared that tests should be conducted with coaxial 
cables having conducting coatings on the inside, on the 
outside, and on both. 

A “standard” test set-up was made to compare the 
performance of various experimental and commercial 
cables when connected between a small barium titanate 
accelerometer and a cathode follower (Gulton type 
F403). The output of the cathode follower was recorded 
through a dc amplifier (Brush type BL932) on a direct 
inking oscillograph (Brush type BL222). A signal 
equivalent to a step loading of about 300 g could be 
obtained by loading the accelerometer with a 1-pound 
weight which was then suddenly removed. This served 
mostly as a check on the over-all operation of the 
system and as a detection device for accidental shorts in 
the experimental cables. The amplitude of this signal 
depended a great deal on the speed with which the 
weight was removed, since the time constant of the 
system was only about 40 milliseconds, and a quanti- 
tative reference signal was therefore provided from the 
built-in calibration voltage of the Brush amplifier. The 
“standard” test for cable noise consisted in grasping a 


t A piezoelectric effect is limited, by definition, to materials with 
a crystalline structure. X-ray and other evidence shows crystal 
formation in many “amorphous” dielectrics, especially for rubber 
under stress (see reference 7). 

7C. C. Davis, and J. T. Blake, Editors, The Chemistry and 
Technology of Rubber (Reinhold Publishing Corporation, 1937), 
with extensive bibliography. 

*H. F. Richards, Phys. Rev. 22, 122 (1923). 

°K. R. Brain, Proc. Phys. Soc. (London) 36, 81 (1924). 
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Fic. 1. Cable noise from concentric cables, 0.070-in. o.d. 





short section of the cable and subjecting it to severe 
strains by twisting and bending, while making sure that 
no strains or motion were transmitted to the accelerome- 
ter itself. Another test consisted in using a pair of pliers 
to compress and release alternately a short section of the 
cable. A few typical records obtained in this fashion for 
some commercial as well as experimental laboratory- 
made cables are shown in Figs. 1, 2, and 3. 


RESULTS 


It was found that standard microphone or phonograph 
pick-up cable (Belden No. 8431 about 0.070-inch o.d.) 
gives signals under these conditions of up to 500 
millivolts peak to peak (see Fig. 1). This was definitely 
lowered (to about 60 mv peak to peak) by tightening the 
braided shield over the dielectric, thus improving the 
contact between the dielectric and the shield (Fig. 1). 

A colloidal suspension of graphite, in benzene, ‘“‘Car- 
bon X’’§ (manufactured by the General Cement Manu- 
facturing Company, Rockford, Illinois) was then used 
in experiments with the coating on the inside and/or 
outside surfaces of the dielectric. It was found that no 
further reduction in noise, over the previous test, was 
obtained by coating only the outside of the dielectric 
(Fig. 1). In another test, only the inside of the dielectric 
was coated with Carbon X. This markedly reduced the 
cable signal due to mechanical flexing, provided the 
shield remained tight over the dielectric, the residual 
noise being less than 3 mv peak to peak (Figs. 1 and 2); 
the cable signals were reduced to a minimum by coating 
both inside and outside of the dielectric with Carbon X 
(Fig. 2). 

In yet another series of tests, a test cable was made up 
consisting of an outer braided shield, the same rubber- 
like dielectric as above, and a Formex-insulated central 
conductor. This cable was found to be quite noisy and 


§ Subsequent tests with other conductive paints and suspensions 
have shown similar results. See also footnote |}. 
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was not materially improved by filling the inside of the 
dielectric with Carbon X; there was also no Significant 
improvement when the outside of the dielectric was 
subsequently also coated with Carbon X. 

Analysis of the above results, together with othe 
reported data* on cable noise has led to the formulation 
of a theory completely describing the mechanism of 
generation of noise in instrument cables. There appears 
to be no evidence that any additional assumptions neeg 
be made to account for at least that portion of the 
generated noise which has proved troublesome jp 
instrumentation applications. 


DETAILED THEORY 


The mechanism described in this section applies to ali 
cases where two conductors are separated by a dielectric 
and one or both of these conductors is capable of slight 
motion with respect to the dielectric. The actual amount 
of the motion may be extremely small, and it is sufficient 
that there be a temporary loss of electrical contact be. 
tween a small region on the surface of the dielectric and 
either conductor. The mechanism is most easily visu- 
alized by having only one conductor free to move, while 
the other is rigidly bonded to the dielectric (see Fig. 4), 
Suppose, now, that there is a small area, say 1 mm?, over 
which the movable conductor can make intermittent 
electrical contact with the dielectric. (There is evidence 
that such a situation exists in most cables, usually for 
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joth the central conductor and the shield.) Some ex- 

riments reported as long as thirty years ago!’ have 
shown that a separation of charge occurs under these 
conditions resulting in a surface charge on the dielectric 
and an opposite “bound” charge on the conductor. It 
ould appear at first that since the electrons are “‘free”’ 
in the conductor to a greater extent than in the dielec- 
ric, the surface charge left on the dielectric would 
always be negative. A complete theory must, however, 
take into account the degree to which electrons are free 
to leave the surface of the material, i.e., the material’s 
“work function.” Experimental data on polarity of 
‘triboelectric” charges (see, for example, references 10 
and 11) show serious differences from one investigation 
to another. These differences have been attributed to 
contamination, films (e.g., oxides), adsorbed gases," and 
other conditions,* and appear to warrant considerable 
,dditional investigation. In the discussion which follows, 
the easily remembered, although oversimplified, as- 
sumption is made that the conductor loses electrons and 
is positively charged after separation. When this situa- 
tion is reversed, for some dielectrics, the polarity of all 
resulting signals will also be reversed. 

As the conductor separates from the dielectric, a small 
air capacitor is formed whose capacitance decreases as 
the gap becomes larger. It is well known that if this gap 
can be made large in a short enough time to avoid 
appreciable leakage, potentials of thousands of volts can 
be developed. 

In the case of a cable, only a small portion of this 
potential will appear across the terminal impedance, 
since the capacitance of the small air capacitor can never 
become sufficiently small to release a large fraction of 
the “bound” separated charge on the moving conductor. 
Assume that the moving conductor is the shield of a 
concentric cable, and that a positive charge is left on the 
shield upon separation. The inner conductor is momen- 
tarily at a negative potential, and a negative voltage 
pulse appears across the input to the amplifier. The 
potential is subsequently neutralized by a transfer of 
electrons from the central conductor through the 
terminal impedance, at a rate determined by the time 
constant of the system. On the subsequent contact be- 
tween the moving shield and the dielectric, the redistri- 
bution of charge takes place in the opposite direction, 
and a positive pulse is recorded. 

It is seen that this mechanism will function for the 
central conductor as well as for the shield, if both are 
able to move with respect to the dielectric, and we can 
predict that pressure on the inside conductor will 
produce output pulses in a direction opposite to pressure 
on the shield, since the separation of charge leaves 
similar charges on both surfaces of the dielectric. 

To provide quantitative predictions against which the 
theory might be tested, an attempt will be made to 

”H. F. Richards, Phys. Rev. 16, 290 (1920). 


"F. B. Silsbee, “Static Electricity,” U. S. Department uf Com- 
merce, National Bureau of Standards Circular C438, (1942). 
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Fic. 3. Noise signals generated by severe whipping of three 
types of cable. 


express the generated voltage signal in terms of the 
separated charge and the electrical characteristics of the 
system. 


QUANTITATIVE CONSIDERATIONS 


Let o be the surface charge separated per unit area 
(see Fig. 4), and let A be the affected area. The total 
separated charge is oA. Since the two conductors must 
eventually reach the same potential, there will be a 
redistribution of charge. Let C, be the capacitance of the 
small air capacitor, C2 the capacitance of the dielectric 
between the surface charge and the fixed conductor, Q; 
and Q the final charges on C; and C2, respectively ; then 
Qz is the charge transferred through the input impedance 
of the amplifier, and Q1/Ci=Q2/C2; Q:+-Q2= 04, which 
yield Q2= cAC2/(Ci+C2). The transfer of charge can be 
represented approximately as an exponential decay of 
the charge on the moving conductor: Q=Q2e~4/ FCs ¢, 
where R is the terminal impedance (assumed mainly 
resistive) of the cable and C; is the cable capacitance, 
including any parallel capacitances. The current 
pulse through the terminal resistance R is given by 





i= —(dQ/dt)=(Q2/RC3)e—"/29', and the observed 
voltage will be 
3 oA Ce 
V =iR=—e—/ RCs) t—__. e~ (QU RCs) t 
C3 Cz; CitCe 


The above derivation was made on the assumption of an 
instantaneous separation of charge. The maximum 


DIELECTRIC 


Ki 
Wu LZ, KR . 
KN CASRN YE XI Rees ait 


Fic. 4. Schematic diagram showing a separation of charges 
due to relative motion between one of the conductors and the 
dielectric. 
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Fic. 5. Cable signals obtained with a 2-foot length of RG8/U cable. 
Note increased sensitivity in lower trace. 
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will be attained only if the separation of charge takes 
place in a time short compared to the time constant RC; 
of the exponential decay curve. Within this limitation, 
it is seen that this maximum voltage is independent of 
the terminal resistance of the cable. 

It is also seen, that the maximum generated voltage 


(1) can be calculated (as an upper limit) from the maximum 
charge density (2.65 10-® coulomb/cm?)" allowed by the break- 
down voltage of the airgap; 

(2) is proportional to the affected area of cable; 

(3) is inversely proportional to the total capacitance C; of the 
cable and parallel capacitors; 

(4) decays with a time constant (time to be reduced to 37 
percent of its maximum value) in seconds, equal to the product of 
the terminating resistance, in ohms, by the capacitance C; in 
farads; 

(5) is reduced if the relative motion between conductor and 
dielectric is kept small, so that the capacitance C,; always remains 
large; 

(6) may be reduced to zero if good electrical conduction is 
maintained between the conductor and all points on the surface 
of the dielectric, thus preventing the separation of change. (In this 
case, it is no longer necessary to prevent motion of either con- 
ductor with respect to the dielectric.) 


Qualitatively, at least, available data on cable noise*® 
verify points 2, 3, and 5, while the success of flexible 
experimental cables having conductive coatings both 
inside and outside of the dielectric appears to confirm 
point 6. A series of simple experiments was set up to test 
quantitatively all of the above predictions. 


TEST OF THE THEORY 


A two-foot length of RG8/U cable (concentric, with 
polyethylene dielectric) was stripped of its rubber-like 
outer jacket. The braided copper shield thus uncovered 
was slightly expanded (by longitudinal compression) 
over a 2-inch section of the cable and was taped off in 
this position. One end of the cable was left “open,” 
while the other was connected to the Brush dc amplifier 
and recorder. It was found that no signal was obtained 
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from touching the shield with the fingers, but that 
sufficient finger pressure to make the shield touch the 
dielectric caused a positive signal of about 50 millivolts 
and that releasing this pressure caused an approximately 
equal negative signal. The signals were of Opposite 
polarity (and somewhat smaller) when a pair of long. 
nose pliers was slipped inside the shield and pressure 
was exerted on the dielectric, squeezing it on the inner 
conductor (see Fig. 5). 

These tests were repeated after coating the outside of 
the dielectric with Carbon X. The signal from finger 
pressure on the shield sufficient to make contact with 
the dielectric was less than 0.3 millivolt (see Fig. 5). The 
signal from compressing the dielectric and inner con. 
ductor was unchanged. These results appear to be jn 
complete agreement with the theory of the preceding 
section: The Carbon X maintains good electrical con. 
tact between the shield and the outside surface of the 
dielectric. It appears that a resistance of the order of 
10 to 50 megohms per inch of cable is sufficiently low for 
this purpose. 

In the first set of tests above, the affected area A may 
be roughly estimated at 0.5 cm?, and the separation at 
2 mm, hence Ci=0.2 uyf; over the same area, with a 
larger spacing and higher dielectric constant, C.=0.2 pf, 
With a capacitance C; of about 100 uuf, the maximum 
permissible charge density ¢=2.6X10-*® coulomb/cm? 
would yield a signal of about 66 millivolts. This result is 
in good agreement with the observed value of 50 
millivolts and indicates that the final density of sepa- 
rated charge is about as great as is allowed by the 
breakdown voltage gradient for the air dielectric. 

In another test, a large capacitor (0.02 uf) was con- 
nected across the uncoated cable, in order to lengthen 
the time constant of the system. The shape of the pulses 
was found to agree with point 4 of the preceding section, 
and the maximum observed voltage was independent of 
the amplifier input impedance in the range from 180 
megohms to 0.9 megohm. At still lower input resistances 
(RC;<18 millisec), the separation of charge did not 
take place in a time short enough to be negligible with 
respect to the time constant, and the observed voltage 
decreased. A subsidiary test set-up was made in which 
various dielectric sheets could be bonded to a flat brass 
plate, and blocks of various metals could be alternately 
placed on and removed from the free surface of the 
dielectric. The brass plate and metal block were con- 
nected through a short length of noise-free cable to the 
input of a Cathode follower and the Brush equipment 
previously used. Pulses of 5 to 28 volts were obtained 
from all dielectrics tested, with only insignificant differ- 
ences among different metals (copper, brass, aluminum, 
steel) for any given dielectric. The pulses obtained for 
different dielectrics, however, fell into two groups, one 
group of dielectrics acquiring electrons from the metals 
(polyethylene, Teflon, and the dielectric from 0.07-in. 
microphone cable) while the other group became posi- 
tively charged (Lucite, glass, glass wool, and Neoprene). 
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ELECTRICAL NOISE 


A sheet of conductive rubber bonded to the dielectric 
eliminated the triboelectric pulses in all cases. It was 
also found that the observed peak voltage was approxi- 
mately proportional to the area of contact. The diffi- 
culties due to surface films encountered in these tests 
showed how differences among “‘triboelectric series” of 
yarious investigators could easily arise. Thus, copper 
loses electrons to cellulose acetate when both surfaces 
are freshly cleaned with tissue paper and alcohol, but 
successive pulses become gradually smaller until the 
polarity of the pulses is reversed, indicating that the 
copper now gains electrons from the dielectric. Renewed 
cleaning of the surfaces again reverses the polarity of 
the separated charges. 


CONSTRUCTION OF LOW NOISE CABLE 


It appears from the above theory and tests that in 
order to make a cable which does not suffer from the 
ysual sensitivity to shock and vibration, it is only 
necessary to insure continuous electrical conduction 
between each conductor and the surfaces of the dielectric 
between conductors (in the case of doubly-shielded 
cable, the above also applies, of course, to the dielectric 
between shields, unless the electrical resistance between 
these shields is very low). The conductive covering on 
the outside surface of the dielectric in the special 
Simplex cable is quite effective in this respect, and the 
residual noise in this cable can be definitely ascribed to 
the inner conductor. The inner conductor and its sepa- 
rate strands are embedded in a soft, nonadhesive con- 
ductive material. When relative motion occurs between 
the inner conductor and the dielectric, the conductive 
material partially separates from the dielectric, allowing 
a separation of charge to take place at some points. 
Because of the high rigidity of this cable, very little 
motion is allowed between the inner conductor and the 
dielectric, except under extremely severe conditions, and 
it is for these reasons ‘that this cable has been found 
quite satisfactory in applications where its bulk and 
rigidity can be tolerated. In attempting to construct a 
very light, small, and flexible cable, it is not practicable 
to prevent relative motion between the dielectric and 
either conductor, and a method must therefore be found 
for providing a good conductor bonded to both the 
inside and outside surfaces of the dielectric (see Fig. 6). 
Possible methods of achieving this result appear to have 
been thoroughly investigated in connection with the 
reduction of corona discharge in high voltage cables,'* 
and a large variety of conductive paints, colloidal 
suspensions of graphite, and conductive rubbers is com- 
mercially available for this purpose. The electrical 
resistance of the coitings may have any value up to 50 
meg»hns per inch of cable, bit a resistance of the order 





"See, for example, U. S. Patents: 2,059,146 to Roeterink; 
2,074,826 to C. P. Boggs; 2,081,517; 2,096,840 to E. Bormann; 
2,142,625 to D. A. C. Zoethout; 2,165,238; 2,234,068 to R. J. 
Wiseman; 2,304,210 to T. R. Scott; 2,377,153 to P. V. Hunter; 
2,427,700 to W. B. Atkinson, ef al.; 2,446,387. Patents listed in 
italics appear most pertinent. 


FROM 
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of 0.3 megohm per inch appears to be both practicable 
and very effective. A promising method for industrial 
application would consist in extruding concentric layers 
of conductive rubber, nonconductive dielectric, and 
more conductive rubber over the central conductor, 
with provision for vulcanizing or otherwise bonding 
together the three layers. This treatment could be given 
to all conductors in a multiple-conductor cable. It is to 
be noted that it is not necessary to bond the conductive 
layers to the cable conductors, and it is actually prefer- 
able to have them loose, to increase the flexibility of the 
cable. A conductive coating is mot necessary between the 
shield and any protective insulating outside jacket. 
There appear to be no limitations, except considerations 
of total cable capacitance, to how small the diameter of 
such a cable might be made. 


PROCEDURE FOR MAKING SHORT LENGTHS 
OF LOW NOISE CABLE 


Until suitable cable of this type becomes commercially 
available, short lengths of this cable (6 ft or less) may be 
readily made as follows: 


(1) Start with the desired length of three different cables: 


(a) Insulated wire with about AWG No. 20 conductor. This 
wire should have a thin, rubber-like or impermeable plastic insula- 
tion which is easily removed from the solid conductor (push-back, 
hook-up wire). It must be possible to perform operation 8, below, 
on this wire. (Only the dielectric of this cable will be used.) 

(b) Microphone or phonograph pick-up cable about 0.070 inch 
o.d. with a readily removable braided shield, e.g., Belden No. 8431 
(shield, only, to be used.) 

(c) Lamp cord with stranded copper conductors, the individual 
strands being 0.006 to 0.007 inch in diameter. (Strands will be used 
to make central conductor.) 


(2) Straighten the hook-up wire (a) by stretching it slightly. 
(3) Coat the outer surface of the insulation of wire (a) with a 


conductive paint|| leaving about 1 inch on each end unpainted. 
Let dry. 


AIR GAPS FOR FLEXIBILITY (OPTIONAL) 







INSIDE CONDUCTOR 


(SHOWN STRANDED CONSTRUCTION, 


FOR FLEXIBILITY, IS OPTIONAL ) DIELECTRIC INSULATOR 


OUTSIDE CONDUCTOR 
( @.g., BRAIDED ) 


Fic. 6. Structure of noise-free coaxial cable. An insulating over- 
all protective jacket is optional and does not require a conductive 
coating. 








|| Carbon X was used in the initial experimental cables. It was 
found, however, that a small fraction of the “noise” reappears after 
prolonged use of cable made with this material, presumably be- 
cause some of the graphite coating flakes off. Conductive sus- 
pensions in a “vehicle” designed to bond firmly to the cable 
dielectric are much more desirable for this application. Such 
special paints are available from most manufacturers of conductive 
paints and suspensions (see reference 13), but generally are not 
sufficiently flexible. A mixture of finely divided Carbon Black 
(18 to 25 millimicrons, e.g., “Halo Black” distributed by Binney 
and Smith, New York) with ‘“‘Pliobond 30” (a Goodyear adhesive 
distributed by the W. J. Ruscoe Company, Akron, Ohio) and 
Methyl Ethyl! Ketone Solvent has been found quite satisfactory. 
The proportions used were 3 parts “Halo Black” to 10 parts 
“Pliobond 30” and 60 parts Methyl Ethyl Ketone, by weight. The 
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(4) Strip the shield from cable (b) in such a way that the inside 
diameter of the shield is somewhat increased. This may be done by 
pushing the shield toward the center of the cable and slipping it off 
after it has been compressed in length (and correspondingly 
expanded). 

(5) From the lamp cord (c), pull out the stranded copper con- 
ductor and separate out five or six of the strands. 

(6) Holding one end of these strands in a vise and the other end 
in the chuck of a hand or electric drill, tightly twist together the 
strands, occasionally smoothing them to obtain a uniform wire. 

(7) Push the hook-up wire through the shield of point 4 above. 

(8) Strip off about } inch of the insulation from each end of the 
painted length of hook-up wire. Hold one end of the bare wire in a 
vise, the other with a pair of pliers, and stretch the wire at least 10 
percent of its length, being careful not to stretch the insulation. If 
this cannot be done, a different type of push-back wire should be 
used. 

(9) Pull out the wire from the insulation of cable (a). 

(10) About } inch from one end, tape a piece of transparent 
plastic tubing to the outside of the dielectric-tube insulation. 

(11) Connect this plastic tubing to a vacuum line (this can also 
be done by mouth suction) and dip the other end of the insulation 
into conductive paint. When the paint appears in the plastic tube, 
it should be blown out again and drawn up at least once more, if 
this is necessary to insure thorough coating of the entire inside 
surface of the dielectric. Let dry, after blowing out enough of 
the paint to leave a sufficient opening for the inside conductor. 
Remove plastic tubing and tape. 

(12) Push the stranded wire through the painted insulation of 
the hook-up wire. 

(13) Stretch shielding over the entire length of the cable 


USES OF LOW NOISE CABLES 


One of the attractive possible uses for very small 
barium titanate accelerometers is to serve as monitors 


container should have a tight cover. Considerable mixing is 
required to insure uniform distribution of the conductive material. 
This may be done by adding porcelain or glass balls to the mixture 
and rotating the closed container about its axis in a horizontal 
position for at least 24 hours after the initial mixing and for at least 
15 minutes before use. 

Recent experiments have been made with different kinds of 
flexible conductive paints, after it was found that the “Pliobond” 
mixture previously used changes properties quite rapidly if it is not 
applied immediately after mixing. These recent tests have shown 
that a mixture of one part acetylene black, 6 parts Stoner-Mudge 
No. 67 adhesive (Ethyl-Methacrylate and Vinylite Resin Mix- 
ture), and about 30 parts methyl isolbutyl ketone makes an even 
better, flexible, well-bonded, conductive coating which may be 
kept indefinitely once it has been mixed by milling and filtered 
through a 200-mesh screen. 

18 See, for example, Annual Buyers’ Guide Issue, Electronics 24, 
No. 6A, listings under “‘Coatings—Conductive,” p. D-23, “Graphite 

—Colloidal,” p. D-51, and ““Paints—Conductive,” p. D-84 (1951). 


THOMAS A. 


PERLS 


for small electromagnetic shakers in vibration tests anq 
calibrating procedures for vibration pickups of varioys 
types. The usefulness of the small crystal-type trans. 
ducers for this application was severely limited by the 
large, nonreproducible signal due to the cable used with 
these devices. Under typical conditions, the combined 
signal from the accelerometer and cable could be 
changed by a factor of three at 20 cycles per second 
depending on the method by which the cable was 
supported. At 40 cps, the corresponding range of read. 
ings was still +30 percent, while the readings began to 
have good consistency in the vicinity of 100 cps. The use 
of experimental low noise cables made by the method 
outlined in the previous section, has made possible the 
reliable monitoring of the motion of a small shaker down 
to 7 cps with a suitable cathode follower. The only 
remaining uncertainty in this case is due to the reaction 
of the mass of the cable on the crystal, and this is easily 
remedied by fastening the cable to a point close to the 
accelerometer which moves together with the ac- 
celerometer. 

In addition to applications to piezoelectric acceler. 
ometers, examples of need for a low noise cable can be 
found in research on pressures from underwater ex- 
plosions, especially with small charges; in connection 
with piezoelectric pressure gauges in air-blast and rocket 
research ; in crystal-type microphones, hearing aids and 
phonograph pick-ups, and, in general, wherever the 
cable may be subjected to shock, vibration, pressure, or 
stress, and the terminating impedance of the cable is not 
very low. 
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The solution of the problem of determining the permeabilities of petroleum reservoir rocks from measure- 
ments employing the flow of a gas through large cylindrical cores, transverse to the axis of the cores, is 
presented. This solution is obtained by solving the corresponding problem in potential theory, the method of 
conformal transformations of complex variables being employed. An electrolytic model study of this problem 
is described and a comparison of the theoretical and experimental solutions presented. 





INTRODUCTION 


HE permeability of a porous medium to the flow 
of a fluid is defined in terms of what is commonly 
alled Darcy’s Law, which is expressed symbolically as 


—k 
v=—VP, (1) 
m 


where v=volumetric flux density of flow, u=fluid 
viscosity, P=pressure, and & is defined as the perme- 
ability of the porous medium to the flow of the fluid. 
Permeability has the dimensions of length squared. 

The usual procedure for determining the permeability 
of a sample of porous petroleum reservoir rock is to 
employ the linear flow of a fluid through a specimen of 
either circular or rectangular cross section. The method 
of calculation of permeability for such procedure is well 
established and can be found elsewhere.' 

Generally sedimentary reservoir rocks are anisotropic ; 
hence, they possess one permeability parallel to the 
bedding planes and another perpendicular to the 
bedding planes. Since the fluids entering a well bore flow 
approximately parallel to the bedding planes, it is the 
permeability parallel to the bedding planes which is the 
more critical as regards the flow of oil and/or gas from 
the surrounding porous medium toward the vertical well 
bore. 

Now the definition of permeability as given in Eq. (1) 
applies only on a macroscopic basis, that is, the size of 
the rock sample must be much greater than the size of 
individual pores in the rock. Hence, if rocks containing 
fractures or solution cavities are to be considered, large 
samples must be used. 

For the above reasons apparatus has been developed 
for flowing a gas through large cylindrical samples, 
tranverse to the cylindrical axis of the samples. In this 
apparatus the ends of the samples are sealed, as are two 
portions of the lateral surface. The gas is introduced 
through one portion of the lateral surface at pressure P; 
and leaves through the opposite side of the core at a 
pressure P>. A plan view of the flow geometry is shown 
in Fig. 1. The equation for the calculation of perme- 





'M. Muskat, Flow of Homogeneous Fluids Through Porous 
Media (McGraw-Hill Book Company, Inc., New York), p. 76. 


ability from this arrangement is developed in the next 
section. 


THEORETICAL SOLUTION 


The equation of continuity for the flow of a com- 
pressible fluid through a porous medium is 


V- (pv) = — pdp/ dt, (2) 


where p= fluid density, »= volumetric flux density, and 
¢= porosity of the porous medium, defined as the ratio 
of pore volume to the bulk volume. 

If the fluid is a gas, then for moderate pressures and 
pressure gradients 


p= AP, (3) 


where 
A=const. 


INLET 





SEALED 


OUTLET 


Fic. 1. Flow geometry. 
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Fic. 2. Boundary conditions. 


Combining Eqs. (1) and (3) gives 
pv= —ARPVP/p, (4) 


or assuming yu independent of the pressure in the range 
of pressures considered, 


pv= —V(ARP*/2y), (5) 


which assumes that k& is independent of the space 
coordinates. Now for steady flow Eq. (2) becomes 


V-(pv)=0. (6) 


Thus, substitution of (5) in (6) yields Laplace’s 
equation 


V?(ARP?/2u)=0 (7) 
or 
Vey=0, (8) 
where 
y= AkRP?/2y (9) 


is the potential function of the mass flux density as 











Fic. 3. Simplification of boundary conditions. 
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shown by (5). Thus, this is a problem in potentia] theory 
with the boundary conditions as shown in Fig. 2. 

From the principles of potential theory and examina. 
tion of Fig. 2 it is evident that there are two lines of 
symmetry : One is the x axis, which must be an equipo- 
tential at the potential (¥,+y2)/2 and the other is the 
y axis across which no fluid flows, i.e., on the y axis 
dy/dn=0.t These symmetry conditions permit the 
problem to be reduced to that shown in Fig. 3. Note that 
exactly one-half of the two-dimensional flow passes 
through this domain. 

Now if in this figure all dimensions are expressed in 
units of R, the radius of the core, then the radius of the 
semicircle is unity. Then, treating this plane as the 
complex z plane, this domain is transformed to that 
shown in Fig. 4 by the conformal transformation 


W =In i/z. (10) 


This set of boundary conditions can be altered to 
correspond to the classical problem of seepage under a 




















Fic. 4. Transformed domain. 


coffer-dam if on the negative u axis it is required that 
dy/dn=0 and along the line V= wi/2 for U<0 wis such 


that 
Yitye 
7 =( -v), (11) 


which leaves the boundary conditions of the original 
domain unchanged. This gives for ¥ on this boundary 
¥= (3¥~:1—y2)/2. Thus the problem is now as shown in 
Fig. 5, which is a coffer-dam in a porous bed of finite 
thickness with no excavation below the dam. This 
problem has been solved previously.? Muskat gives for 
the total two-dimensional flux under the dam 


K’'Ay/2K, (12) 





t Throughout this paper dy/dn denotes the gradient in the 
direction of positive normal n. 
? Reference 1, p. 221. 
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where for the geometry and boundary conditions given 


- Mets Seeds 
Ay= _ = 
2 2 





1~ ¥ 2; 


and K’=complete elliptic integral of the first kind 
with modulus sina and K=complete elliptic integral of 
the first kind with modulus cosa. This solution is ob- 
tained by Muskat employing Schwartz-Christoffel 
transformations resulting in a rectangular domain with 
two opposite boundaries at uniform potentials and the 
other two boundaries having dy/dn=0. 

Since this solution was arrived at employing a domain 
through which only one-half of the flux passes it must be 
multiplied by two; also by multiplying by L, the length 
of core, the total flux is obtained, thus 


a ) (13) 
Qipi= G Yi-w2), 


where Q;= volumetric flow rate at Pi, pi=gas density 
at P;, and G=K/K’. 

Substitution of the expression for y given in Eq. (9) 
gives 


L Ak 
Qip.=— —(Pi?— P;”). (14) 
G 2p 


Since with the apparatus employed Q is measured at 
the downstream pressure, this is expressed as 


LkA 
01p1= Q2p2= Q2A P2=— —(P1?— P,”), (15) 


G 2u 
whence k is given by 
Qop 2P2 
a. el (16) 
L P?—P,? 


The geometrical factor G is plotted in Fig. 6 versus 2a, 
where 2a@ is the angular opening on one side of the core. 

Thus with Eq. (16) and the curve of Fig. 6 the meas- 
ured rate of flow, pressures, etc., can be used to calculate 
the transverse permeability of the samples. 


MODEL STUDY 


Prior to the development just presented, an electro- 
lytic model study was conducted as a method of de- 
termining the equation to be used for calculating 
permeabilities. This model consisted of a plastic cylin- 
drical vessel, having a flat bottom, into which were 
placed two zy” copper plates, curved to fit the wall of 
the vessel. Another vessel of rectangular cross section 
was fitted with flat copper plates at each end to serve as 
a conductivity cell. Both vessels were filled to a known 
depth with KCI solutions and the two vessels connected 
in series with an ammeter to a current source of 5000 
cycles having a voltage regulator. The voltage drop 


Vv 






3V,- Yo 
il. 


Y; 8 
Yj 





Ve 





Le eee ee ee 








Fic. 5. Extension of transformed domain. 


across each vessel was measured. This circuit is shown in 
Fig. 7. In this model the analogy is the electric current 
to total mass flux, electric potential drop to mass flux 
density potential difference, and conductivity of elec- 
trolyte to permeability/viscosity ratio. 

This study was made using two sizes of circular vessel, 
7” and 12” in diameter. In each case a number of 
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Fic. 6. Theoretical curve, G versus 2a. 
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Fic. 7. Circuit diagram (model study). 


different values of S, the arc length of the electrodes, 
were used. The results of the measurements were used in 
the equation 

G=L’'CV/I, (20) 


where G= geometrical factor, V=potential difference, 
I=current, C=conductivity of electrolyte, and L’ 
= depth of electrolyte, which is analogous to Eq. (16) to 
calculate G. These results are plotted as dashed curves 
in Fig. 8. 


DISCUSSION 


It is obvious that the two sizes of model gave slightly 
different results, which in both cases differ from the 
theoretical curve. These differences are probably due to 
the fact that the electrodes used did not fit flush into 
the walls of the vessel but extended 7” from the wall 
into the vessel. 

An interesting feature of the theoretical curve shown 


E. COLLINS 
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Fic. 8. Comparison of theoretical and experimental results. 


in Fig. 6 is that G is exactly one for an angular opening 
of 90° for inlet and outlet. This is approximately the 
size opening usually used. 

' One qualifying statement should be made regarding 
both the theoretical and the experimental solutions; 
both solutions assume that the transverse permeability 
of the core is independent of space coordinates. 
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Conical Surfaces of Fracture Produced by Asymmetrical Impulsive Loading* 


Joun S. RINEHART AND JOHN PEARSON 
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Conical surfaces of fracture generated in thick-walled cylinders that were asymmetrically and impulsively 
loaded through the use of internal explosive charges are presented. It is deduced from qualitative considera- 
tions that the conical fractures result from the interaction between transient tensile stress waves. The two 
tensile stress waves that are responsible for the fracture arise from a single compressional stress wave that is 
reflected from two inclined free surfaces. The angle of fracture associated with these conical surfaces has been 
used to measure the velocity of propagation of the stress waves in low-carbon steel, brass, copper, lead, and 


24ST aluminum alloy. 





INTRODUCTION 


RACTURES are quite commonly found within 

metal bodies that have been explosively or im- 
pulsively loaded. It is known that many of these 
fractures result from interference between stress waves. 
For example, observations reported in an earlier paper! 
established that the transient stress wave induced in a 
metal by an exploding charge can cause fracturing (or 
scabbing) near a free surface as the result of interference 
between the incident and reflected waves. 

Aconical fracture surface that appears to be generated 
by the highly localized stress concentration set up by the 
interference of two sharp-fronted high intensity tensile 
stress waves is discussed in this paper. Such a conical 
fracture surface is often generated at the base of a thick- 
walled explosive-filled cylinder when the explosive is 
detonated at the opposite end. A rigorous treatment of 
the problem is not attempted. It is demonstrated, how- 
ever, that the conical fracture surface formed at the 
base of such a cylinder can be explained qualitatively on 
the basis of interacting reflected stress waves. The 
interference results from division of a single com- 
pressional wave into two tensile waves as a result of 
reflection of the wave from two inclined free surfaces. 


EXPERIMENTS 


In previous work conducted by the authors? on thick- 
walled hollow steel cylinders internally loaded with 
explosives, it was noticed that when the explosive was 


TABLE I. Test cylinders.* 








Outside diameter 

















Material (in.) 

1020 steel 4 
1020 steel Si 
1020 steel 5} 
1020 steel 67 
Copper 4g 
Brass 53 
24ST aluminum alloy 53 
Lead» 3 

* All cylinders 8 in. long with 1-in. i.d., except as noted. 

> This cylinder 5} in. long with 0.22-in. i.d. 


* Work supported by Armament Branch, ONR. 
‘J. S. Rinehart, J. Appl. Phys. 22, 555 (1951). 
* John Pearson and J. S. Rinehart, J. Appl. Phys. 23, 434 (1952). 


detonated from one end, fracture cones were formed at 
the opposite end of the cylinder. The origin of these 
cones was not discussed in that paper. The present paper 
discusses their origin and extends the experimental 
observations regarding the cones to cylinders machined 
from metals other than steel. The particular cylinders 
that were fired are listed in Table I. 

Cylinders of 1020 steel, copper, brass, and 24ST 
aluminum alloy were machined from solid round stock, 
the diameter of which was at least § inch greater than 
the finished outside diameter of the cylinder. The lead 
cylinder was first cast as a solid piece and then machined 
to shape. The low-carbon steel cylinders were annealed 
in a reducing atmosphere at about 1600°F after ma- 
chining. Each cylinder, with the exception of one lead 
cylinder, had a one-inch inside diameter, was eight 
inches long, and was loaded internally with Composition 
C-3 explosive. 

The explosive was detonated by an Engineer Special 
Cap which was inserted in the explosive at the upper end 
of the cylinder. All of the cylinders were mounted in a 
vertical position on several layers of Celotex sheeting 
which were placed on the bottom of shallow holes 
located in sandy soil. The outer surfaces of the cylinders 
were free from any restraint. 

A fracture cone formed at the base of each of the eight 
cylinders used in the tests. In each case the remainder of 
the cylinder broke into numerous long fragments. How- 
ever, for each of the four low-carbon steel cylinders and 
for the lead cylinder the fracture cones remained intact. 
For the other three cylinders used in the tests the cones 
broke into several pieces with the fractures extending 
radially through the cone. Typical fracture cones from 
two 1020 steel cylinders are shown in Fig. 1. 

















Fic. 1. Fracture hubs from steel cylinders. 
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DISCUSSION 


The stress situation in a cylinder, shortly after initia- 
tion of the explosive, is shown schematically and much 
simplified in Fig. 2. When detonated in contact with the 
metal, the charge initiates a sharp-fronted high intensity 
stress wave within the wall of the cylinder. The loading 
produced by the detonating explosive is asymmetrical 
since the detonation proceeds through the explosive 
with a finite velocity D. The induced stress wave moves 
both outward and downward through the cylinder. For 
a purely elastic wave the velocity of propagation C of 
the wave would be given by 


C= 2G(1—v)/p(1+2r), (1) 


where p is the density of the cylinder material, G is its 
modulus of rigidity, and » is its Poisson’s ratio. As the 
stress wave propagates through the cylinder wall there 
exist simultaneously a very high tensile stress a in the 
circumferential direction, a compressive stress o, in the 
radial direction, and a compressive stress o, parallel to 
the longitudinal axis of the cylinder. The magnitudes of 
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Fic. 2. Generation of stress wave in internally loaded 
metal cylinder. 


these three stresses decrease quite rapidly as the wave 
propagates through the cylinder wall. A circular cross 
section of the cylinder would show the vector component 
of the stress wave in that plane as a circularly expanding 
wave with the intensities of the normal and tangential 
stresses decreasing considerably as the wave progresses 
radially outward in the plane of the cross section. 
After a time interval ¢ a conical portion of the cylinder 
will be in a stressed condition, and the remaining portion 
will be at rest in an unstressed condition. It is assumed 
here that at any particular point on the inner surface of 
the cylinder the stress rises abruptly to a high value and 
then remains substantially at that value for some time 
thereafter. At this instant the maximum depth of the 
stressed area in the wall will be C? and will extend down 
a distance of Dt. The wave front PQ will be inclined at 
an angle 6 with the axis of the cylinder, where @ is given 
by 
B=sin—(C/D). (2) 
It is realized that in the region close to the detonator the 


over-all picture is quite complex, and the situation in 
that region has been much simplified in Fig. 2. 
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Fic. 3. Propagation and interaction of stress waves in 
wall of a cylinder. 


When this stress wave strikes the outer free surfaces 
of the cylinder, it will be reflected. In examining the 
effects of these reflections it is helpful to consider the 
stress wave as a combination of a wave of high circum- 
ferential tensile stress that advances simultaneously 
with a compression wave. The latter wave involves both 
radial stress and axial stress. A study of particle motion 
within the reflected stress wave indicates that the 
circumferential stress component remains a tensile stress 
and tends to reinforce the normal stress established in 
the cylinder wall by the incident stress wave. The 
compressive stress component of the incident stress 
wave, however, appears as a tensile stress in the 
reflected wave. 

Certain qualitative aspects of the propagation and 
interaction of the incident compressive stress component 
and its reflected tensile counterparts are indicated in 
Fig. 3. During the initia! period of loading, the high 
intensity compressional stress wave advances into the 
unstressed region of the cylinder wall [Fig. 3(A)] 
leaving behind it a region subjected to radial and axial 
compression. When the incident compression stress 
wave component strikes the outer and bottom surfaces 
of the cylinder, tensile waves comprised of radial and 
axial stresses are propagated back into the compressed 
region [ Fig. 3(B) ]. Part of the energy of the incident 
compression wave appears in the form of shear waves 
which are initiated at the free surfaces. These waves are 
not shown in Fig. 3. Because of the generation of the 
shear waves, absorption of energy by the material, and 
divergence of the wave, the magnitude of the reflected 
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TaBLE II. Angles of fracture and stress wave velocities. the cone, the fracture may extend beyond A [ Fig. 3(C)], 

as but this additional fracturing will not be directly caused 

ac aia by the interacting stress waves. The length of the 

fm  emee fracture A-B is ‘proportional to the wall thickness. 

— — menace andle Thicker-walled cylinders, therefore, increase the accu- 
Aluminum =< ae ae _—, a racy with which a can be measured. . 

~ 50-625 1 3400-12000 14080 ?, The angles of fracture and the stress wave velocities 

Copper 62-64 12,200-11,400 12,850* computed from them are given in Table IT. A detonation 

Lead 72-74  8,000- 7,200 7,045¢ 


velocity of 26,000 ft/sec was used in the computations. 
Included in this table are values for the velocity of 








* Calculated from bulk modulus. 


eas an. dilatational waves, i.e., C of Eq. (2), in these metals 
¢ Reference (4). taken from several sources.*~* Photographs of cross- 
4 Reference (S). 


sectional views of the hubs or hub fragments for copper, 
tensile stress wave will be less than that of the original >rass, 1020 steel, and lead are reproduced in Fig. 4. Of 
compression wave. As the reflected tensile waves eat the four metals shown, it can be seen that steel, with the 
back into the compressed region, they will leave behind highest stress wave velocity, has the smallest angle of 
them partially stress-relieved regions which will be in a 
state of reduced radial and axial compression. Eventu- 
ally, the fronts of these two waves will meet. The 
encounter will take place over a definite surface. The 
intersection of this surface with the plane of the drawing 
is labeled A-B in Fig. 3(C). The result of this meeting 
will be the initiation of a region of high tensile stress. If 
the magnitude of this resulting tensile stress is greater 
than the critical normal fracture stress of the material, 
fracturing will occur over the surface [ Fig. 3(D) ]. 
faces It is not readily apparent just what part, if any, the 
‘the ¢ circumferential stress component plays in the formation 
the — of the fracture cones, although it is known? that the 
cum- — internal fracturing in the walls of thick-walled steel 
usly fF cylinders and the fragmentation of these bodies does 
both — result from the high tangential stresses induced by 
otion F internal explosive loading. 
- the A more rigorous treatment of the present problem Fic. 4. Cross sections of metal hubs showing angles of fracture; 
tress | would involve considerations of the propagation of upper left, steel; upper right, lead; lower left, brass; and lower 

° . ° ° ‘ right, copper. 

ed in } waves in a cylinder with conclusions based on the appli- 

The } cation of appropriate partial differential equations and 
stress — suitable boundary conditions. The authors have not yet 
| the | carried out this more rigorous treatment. 

The angle of fracture a in Fig. 3(D), can be used to 


| and calculate the velocity C of the stress waves provided the in Fig. 4, had the greatest stress wave velocity of the five 
ment — detonation velocity D of the explosive is known. The 


i ie cece celica ell ten: aoa metals tested and also the smallest angle of fracture. 
high y 8 y The quantitative agreement is good between published 
me C=D cosa. (3) — of stress wave velocities and those determined 
ere. 
In conclusion, the authors wish to acknowledge the 
assistance of Mr. J. Craig McLaughlin who performed 
the tests. 














fracture, while lead, with the lowest velocity, has the 
greatest angle of fracture. Brass and copper have almost 
the same angle of fracture and approximately the same 
stress velocity. The aluminum alloy, which is not shown 


3(A)] It is seen that a large angle of fracture corresponds to a 
axial } low stress wave velocity. 

stress It was found experimentally that the angle of fracture 
rfaces } varied with cylinder material in the manner indicated 
1 and } by Eq. (3). It is important that only that portion of the ‘Pack, Evans, and James, Proc. Phys. Soc. (London) 60, 1 
essed § fractured surface which has been subjected to the (1948). : 


ident } interacting tensile waves, i.e., A-B in Fig. 3, be used to a9sh. Fay and O. V. Fortier, J. Acoust. Soc. Am. 23,339 
waves | determine the angle of fracture. During the formation of * Hughes, Pondrom, and Mims, Phys. Rev. 75, 1522 (1949). 
es are 

of the 
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Radiation Characteristics of a Turnstile Antenna Shielded by a Section of a 
Metallic Tube Closed at One End* 


ALFREDO BANOs, Jr.,f Davip S: Saxon,} Physics Department, University of California, Los Angeles, California 


AND 


Louis L. BAILin,§ National Bureau of Standards, Institute for Numerical Analysis, Los Angeles, California 
(Received March 10, 1952) 


Radiation characteristics are established for a turnstile antenna in a cylindrical shield. The antenna 
consists of perpendicularly crossed wires driven by a sinusoidal current distribution, harmonic in time, and 
differing in phase by 90° between members of the cross. The shield is assumed to be a perfectly conducting 
cylindrical can open at one end and its diameter is taken to be of the order of a fraction of the driving 
wavelength. The axis of the shield is perpendicular to the plane of the antenna, passing through its center. 
The excitation of an infinitely long circular wave guide by the above current distribution is considered first, 
and+conditions under which only the dominant (7E,:) mode is important are determined. The essential 
radiation problem can then be regarded as one in which a semi-infinite circular guide, excited by a TE\, mode, 
radiates into free space. This problem has been formally solved by Levine and Schwinger and, using their 
results, values of the reflection coefficient and gain function have been computed by the National Bureau of 
Standards, Institute for Numerical Analysis, University of California, Los Angeles. The results of this theory 
are compared with experiment and with the Kirchhoff method. 





I. INTRODUCTION 


PROBLEM of considerable interest in antenna 
design is the determination of the behavior of a 
turnstile antenna which is shielded by a cylindrical can 
open at one end as illustrated in Fig. 1. This antenna 
consists of perpendicularly crossed wires of equal length 
excited by a sinusoidal current distribution which differs 
by 90° in time phase between the members of the cross. 
The shield is assumed to be a perfectly conducting 
cylindrical can open at one end, and its diameter is 
taken to be of the order of a fraction of the driving 
wavelength. The axis of the shield is so aligned that it 
passes through the center of the crossed wires and is 
perpendicular to them. Further, the effect of the wire 
supports is assumed to be negligible. Under these condi- 
tions, it is desired to calculate the radiation properties 
of the antenna such as the far field radiation pattern and 
polarization, the impedance seen by the antenna, and 
the field and power gain functions. 
The radiation field can be approximated by following 
the classical procedure of Kirchhoff. According to this 
procedure, it is assumed that the lateral surface of the 
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Fic. 1. Schematic diagram of turnstile antenna. 


* The preparation of this paper was sponsored (in part) by 
the ONR. 

t Consultant for the Natl. Bur. Standards. 

t Presently at the Natl. Bur. Standards, Institute for Numerical 
Analysis, Los Angeles, California. 

§ Present address: Hughes Aircraft Company, Culver City, 
California. 


shield is infinitely long, and the field inside this cylinder 
produced by the crossed wires and their image with re- 
spect to the closed end of the shield is determined. The 
equivalent electric and magnetic current densities pro- 
duced by the above field at the position of the open end 
are then obtained, and the radiation field is assumed to 
be equivalent to the field which would be radiated by 
these currents. However, recent investigations by J. 
Schwinger and others have shown that the Kirchhoff 
method is not always reliable for aperture dimensions of 
the order of or smaller than the wavelength. The 
reliability of the Kirchhoff method as applied to this 
problem is also investigated here. 

It will be the purpose of this paper to make use of the 
powerful methods established by Levine and Schwinger’ 
to obtain, approximately, the radiation characteristics of 
the above turnstile antenna. The analysis will essentially 
consist of two parts, as follows: First, the excitation of 
an infinite circular guide by the prescribed current 
source distribution is determined. Having thus obtained 
a complete description of the field (mode structure, 
relative amplitude, and phase) incident upon the open 
end, the second part of the analysis will consist of a 
mode-by-mode analysis of the radiation from a semi- 
infinite guide into free space. It turns out that, witha 
suitable choice of wavelength and dimensions, there is 
only one propagating mode excited by the radiator and 
that, at distances of only a small fraction of wavelength 
from the cross, the amplitudes of all attenuated modes 
have dropped sharply. Hence, the far radiation field of 
the one propagating mode will very accurately represent 
the radiation from the described antenna. 

The theoretical problem which will be explicitly 


1H. Buchholz, Ann. d. Phy. (5) 39, 81 (1941). 

2H. Levine and J. Schwinger, Phys. Rev. 73, 383 (1948), and 
“Electromagnetic Radiation from a Circular Guide into Free 
Space” (unpublished but privately communicated to the authors). 
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RADIATION CHARACTERISTICS OF TURNSTILE ANTENNA 


solved, as already mentioned, is the radiation from a 
semi-infinite guide into free space. That is to say, the 
cylindrical shield of length d in the actual antenna is 
replaced in the theoretical problem by a semi-infinite 
guide containing a short-circuiting plunger a distance d 
from the open end (Fig. 2). Such an approximation, 
which is essential for the application of the Schwinger 
and Levine method and results, must be carefully con- 
sidered because the metallic extension introduces bound- 
ary conditions which the fields of the actual antenna 
need not satisfy. We may argue, however, from the 
physical nature of the antenna, that the radiation is 
strongly directed outward from the open end, with only 
a small amount of the energy being radiated in the 
backward direction. Thus, it is reasonable to assume 
that the metallic extension has little effect on the far 
radiation field in the forward direction. This directivity 
will be explicitly demonstrated in the final results of 
Levine and Schwinger. Alternatively, it can be shown 
that the surface current induced on the shield (which 
can be regarded as the source of radiation) is expo- 
nentially attenuated in the negative direction. Hence, 
the contribution from those elements of the surface 
current, which are far removed from the mouth of the 
antenna, is a small one. 


II. DESCRIPTION OF FIELDS INSIDE AN 
INFINITE CIRCULAR GUIDE 


To determine the excitation of an infinitely long 
circular guide by the cross, we now show that the total 
field produced can be obtained from the longitudinal 
components of the electric and magnetic fields. How- 
ever, in carrying out this analysis, we shall proceed first 
in complete generality and consider the excitation of an 
infinite cylindrical guide with an arbitrary cross section 
by an arbitrary, prescribed current distribution. In the 
following, we shall choose the axis of the cylinder 
coinciding with the z axis of coordinates, and e, shall 
denote a unit vector along this axis. 

The inhomogeneous Maxwell’s equations, under the 
assumption that the source oscillates with harmonic 
time dependence e~‘*“‘, can be written as 


(I) VX E=ik¢H (III) V-H=0 
(Il) VXH=—iknE+J (IV) V-E=p/eo=(¢/ik)(V-J), 


where the time dependence has been suppressed. Here ¢, 
the intrinsic impedance of free space for plane homo- 
geneous waves, is given by 


$= 1/n=(uo/e0)! 


and k=2zx/d, where X is the free space wavelength 
corresponding to the driving frequency w. 

The integration of these vector equations, in general, 
can be effected using a dyadic Green’s function.*? How- 
ever, we shall proceed directly by separating the field 
equations into two inhomogeneous scalar equations 





*See, for example, P. H. Morse and H. Feshbach, Methods of 
Theoretical Physics (M.1.T. Press, Cambridge, 1946), Chap. VI. 
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Fic. 2. Idealized antenna and coordinate system. 


governing the longitudinal components of E and H and 
into two vector equations for the transverse compo- 
nents. Since the total fields can be obtained from the 
longitudinal components, it is only necessary to de- 
termine explicitly the solutions of the scalar equations. 

Thus, taking the vector and scalar products of e, 
with (I) and (II), respectively, and making use of (IV) 


to eliminate the transverse components of E, we find 
for E, 


(V?+ k*)E,= —ikgJ.—(i¢/k)(0/dz)(V-J). (2.01) 


Proceed similarly to find the corresponding scalar 
equation for H,, 


(V+)H,=—e,-VXJ. (2.02) 


From the solutions of these equations the rest of the 
field is easily obtained since, after some manipulation, 
the transverse fields E, and H; can be expressed in terms 
of the longitudinal components E, and H, by the 
differential equations 


[(0°/d2?)+ k JE,= (0/dz)(V.E.) 


—ikt(e.XV.H.)—iktJ;, (2.03) 
and 
[ (0?/d2*) +k ]JH.= ikn(ezX V.E.) 
+ (0/dz)(V.H2) (0/02) (eX J), (2.04) 


in which the subscript ¢ denotes the transverse com- 
ponent of the vectors in question. 

In the present instance the current density vector J 
refers to the prescribed current distribution over the 
antennas J, and /, (Fig. 1) which is assumed to be 
given by 


I,=Ie~*** cos(rp/L) and I2=Ige‘*/?-‘+t cos(rp/L), 


where L is the length of the antennas and p measures the 
distance from the center of the cross. Thus, suppressing 
the exponential time dependence factor and using 
cylindrical coordinates (p, y, z), with the center of the 
turnstile antenna at the origin of coordinates (Fig. 2), 
the current density vector J becomes 


J (p, ¢, 2)=e,(Io/p) cos(rp/L)5(z) 


3 
xX ¥ e'**!28(p—sx/2), OX p<L/2; (2.05) 


s=0 


J(p, 9, z)=0, 


where e, denotes the unit vector along p. 


p>L/2, 
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Substituting this expression for J into (2.01) there 
results an inhomogeneous, scalar Helmholtz equation 
for E, which is readily solved using the Green’s function 
expressed in terms of an expansion into normal TM or E 
modes. Briefly, Z, can be expanded as 


E,= I Gaa= X AmnPna(, 6) —ennl*!, (2.06) 
m,n m,n | 2| 
where we have 
Pmn(P, $)=NmnJm(Ymnpem’, Imn(¥mnd)=0; 
1/ Ninn? = 70" mn! (Y¥mnd)]?, Amn?=k?—Ymn?; 
2() igo 
W Gite 





(2.07) 


L/2 
x f Tnl-Ymnp’) sin(xp’/L)dp’, 
0 


and in which m=4p+1, with » any integer including 
zero, and m=1, 2, ---. A similar calculation for H, in 
terms of normal TE or H modes yields 


H.= YL Vinn= Lo Amn Ymnlp, ge*mn'ltl, (2.08) 
with _ _ 
Vmnlp, $)= Ninn Im(¥mn pe™*, 
I mn (¥mn'a)=0; 
1/Nmn'?= wa*L1—(m/Y¥mn'a)* J m?(Ymn a), 


, 19 
en 2 =f? — Yan at 





(2.09) 
: 2m o 
7; Tah n'[1—(m/Y¥mn'd)* I m(Ymn'a) 
L/2 dp’ 
x J m(¥m np) cos(rp'/L)—, 
0 p 


where again m=4p+1, with p=0, +1, +2, ---, and 
n=1,2,-°>. 

It is evident from the above expansions that the 
prescribed cross excites only modes which have alternate 
odd angular mode numbers or an odd number of nodal 
planes (i.e., m=---, —7, —3, 1,5, 9, ---) for both TE 
and TM waves. The fields associated with these modes 
rotate with an angular velocity which depends upon the 


TABLE I.* ka=1.928. 














mode ya ha 
TE, 1.841 576 | 
TM 3.832 3.310% 
TEn 4.201 3.732% 
TEi2 5.331 4.9701 








* These numerical values will be used frequently in subsequent calcu- 
lations. 
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mode number where positive mode numbers indicate the 
positive direction and negative mode numbers the 
negative direction. We see, therefore, that there is no 
possibility of obtaining angular standing wave patterns 
since the fields rotating in one direction and those 
rotating in the opposite direction have different angular 
velocities and, therefore, cannot couple together to form 
a standing wave. Thus, the total field inside the guide 
consists of partial fields which rotate with angulg 
velocities which are consecutive odd submultiples of the 
angular velocity of a dominant mode and whose direc. 
tion of rotation alternates with the increase in mode 
number (i.e., 1, —3, 5, —7, ---). 

We now determine explicitly the modes present and 
the character of their propagation constants by r. 
writing the expressions for im, and mn’, as found in 
(2.07) and (2.09), in terms of the dimensionless parame. 
ter ka which is proportional to the driving frequency, 
obtaining 


(lim na)? = (ka)?— (¥mna)? (2.10) 
(hmn'a)?= (ka)?— (Ym na)’, (2.11) 


where it is recalled that ymn and Ymn’ are determined as 
the mth roots, respectively, of Jm(vmna)=0O and 
J m'(¥mn'a)=0. If we now choose, as an example, 
ka=1.928, a value which has been encountéred in an 
experimental model of this antenna, we can then list a 
few of the modes excited by the cross and the transverse 
and longitudinal wave numbers associated with them in 
the order of increasing cut-off frequency. This is done in 
Table I. It is evident from this table that for the fre. 
quency parameter chosen, only the TE\; mode propa- 
gates since only /;’ is real and that all the higher modes 
are attenuated. The attenuation constants for all TM 
modes are defined by writing 


and 


tKan=lhasa; (2.12) 


and those for all TE modes other than the TE, are 
given by 
iK inn =Nmn'. (2.13) 


Ill. REDUCTION OF THE ACTUAL ANTENNA 
TO A SEMI-INFINITE GUIDE 


With a knowledge of the fields excited by the sources 
in the infinite guide, we may now describe the nature of 
the fields inside the actual antenna based on our 
fundamental assumption that it behaves essentially asa 
semi-infinite guide containing a short circuiting plunger 
to the left of the source (Fig. 2). Providing that there is 
very little coupling between modes of the same type and 
angular distribution, the analysis will then consist of a 
mode by mode determination of the radiation from an 
unflanged semi-infinite guide. Such radiation problems 
have been considered by Levine and Schwinger but 
were explicitly formulated for only a few of the lower 
modes. Thus, it becomes essential for the present 
problem to determine, at least approximately, the 
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RADIATION CHARACTERISTICS OF TURNSTILE ANTENNA 


relative power radiated by the various modes excited by 
the source. From this information, we may determine 
how many “Schwinger-like-problems” are required to 
represent accurately the far radiation field of the 
antenna. 

The fields inside of the semi-infinite guide can be re- 
garded as the sum of an exciting field given by (2.06) or 
(2.08) and appropriate solutions of the homogeneous 
Eq. (2.01) or (2.02), so chosen that the total field will 
satisfy the boundary conditions imposed by the plunger 
representing the closed end of the actual antenna and 
the discontinuity at the open end. The boundary condi- 
tion at the open end is very complicated, of course, since 
each incident mode sets up a higher mode field of infinite 
order, but the effects upon a given incident mode can be 
accounted for by considering the open end to be a 
partially reflecting surface characterized by a complex 
reflection coefficient r of magnitude less than or equal to 
unity.|| The reflection coefficient associated with each 
mode excited by the source can be determined by the 
methods given by Levine and Schwinger. A rigorous 
calculation of the total power radiated by the guide 
would thus seem to require accurate description of these 
complex reflection coefficients. However, we shall now 
show that the power radiated by each attenuated mode, 
ie, TMu, TEs, TE, etc., is small in comparison to 
that radiated by the propagating T-E,, wave, since an 
upper limit to the small amount of power radiated by 
each attenuated mode can be obtained without any 
precise information about its reflection coefficient. Con- 
sequently, the radiation from the antenna can be accu- 
rately described in terms of the solution of just one 
“Schwinger-like-problem,” namely, that for the TE 
mode. , 

As has been already mentioned, the fields in the semi- 
infinite guide that represents the actual antenna are 
obtained as a superposition of the appropriate solutions 
of the homogeneous Eqs. (2.01) and (2.02) and the ex- 
pansions (2.06) and (2.08). Thus, if we normalize with 
respect to the transverse field and drop the subscripts, 
we may write for each TM mode 


Pnn/Pmn= o(2)=A(|2| /z)e! 414+ Be**+Ce-*, (3.01) 
and for each TE mode 
Vinn/Wmn=W(z) = A’eih’l2l+ B’eih’2+C’e-ih’2, (3.02) 


where the B’s and C’s are constants to be determined by 
the boundary conditions at the short-circuiting plunger, 
t= —c, and at the open end, z=6 (see Fig. 2). They will, 
of course, turn out to be proportional to the amplitudes 
A of the exciting fields. Upon application of these 
boundary conditions, we find after solving for the B’s 
and C’s, 

C=rA(1—e-?*"*)/(r—e- #42) | (3.03) 


B= —A(r—e7?**) /(r— e224) | (3.04) 


|| This assumes that the coupling between modes of interest, 
which is introduced at the open end, is negligible. 
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P C!=r' A'(—1+4-€-***"¢)/(’4-e-2**’2), (3.05) 
an 

B! = —A' (9+ 21h’ ?) / (r' 4-288"), (3.06) 


The constants given in (3.03) and (3.04) for 7M modes 
and (3.05) and (3.06) for TE modes thus permit us to 
express the total field vectors anywhere inside the shield 
for any type of mode in terms of the appropriate re- 
flection coefficients. 

Let us now examine the power radiated by or supplied 
to each mode and in addition the impedance of the 
antenna referred to the input current Jo. The total 
complex power supplied to a volume V by external 
sources can be written as 


1 
total input power= “ f E-J*dv, (3.07) 


which is merely a generalization of Ohm’s law. From a 
simple consideration of Maxwell’s equations, the real 
part of this integral can be shown to equal the average 
power radiated out of the volume V, as expected, 
and hence a mode-by-mode evaluation of (3.07) yields 
directly the power radiated by each mode. Further, an 
impedance can be defined for the antenna by expressing 
the total input power, real and reactive, as 


1 
“ f E-J*dv=41,2Z, 


v 


(3.08) 


whence Z is seen to be the impedance of the antenna 
referred to the input current Jo. 

For an extended source, the integral in (3.08) can be 
evaluated by obtaining E from the inhomogeneous 
Eqs. (2.01) and (2.03) by the methods previously out- 
lined. However, in the present simpler case, the source 
is concentrated in a transverse plane and for each TE 
mode, for example, we may write at once, as in (3.02), 

CA. mn=Vnn=WA’e' ll B’eih’24+-C'e-ih’2), (3,09) 


Thus from (2.03), the corresponding electric field is 
given by 


[EJmn=(Et]mn= (ikt/(y’)?)(esXVy)(Aetlel 


+ B’ei®’*#4-C’e-*h’2) (3.10) 
and is a continuous function of z. Hence, upon substitu- 
tion of this expression and the current distribution 
(2.05) into the volume integral in (3.01), we obtain after 
some elementary integrations 








7! +g 2ih’ b OT ae yr’ 2th’ 
x] 1- _ 


r’+-¢-2ih'd 7’ +e 2ih'd 


| (3.11) 
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if h’ is real, and 


1 ik¢K’ 
-- { E-J*'=- 
27, (y’)? 


r'+¢7K'b rv’ —r'e2kK'e 
x} 1- _ 


r'+¢e2K'd r’+-¢@?K'd 


, 





|A’|? 





(3.12) 


for h'’=iK’. The real and imaginary parts of (3.11) can 
conveniently be written as 


—4Re f E-J*dv’ 


v 


= (kth'/(y')?)|A’|?2f(r’) sin*(h’c), (3.13) 
where 
fr')=(A— |r’ |9)/(|1’ +e-7*"4 |?) (3.14) 
and 
kth’ 
—4I E-J*dv' =——|A’|? 
mf rr 
2Im[r'* (e724 — 2ih’ by} — [i+ |r’ | ?}sin*(h’c) 
x: . (3.15) 





| r' +-e~2ih'd| 2 


It should be noted that, since sin?(h’c) appears as a 
factor in (3.13), the position of the short-circuiting 
plunger strongly influences the power radiated, the 
power being in fact zero when c is a half-integral number 
of guide wavelengths and a maximum when c is an odd 
integral number of quarter wavelengths—all as antici- 
pated from elementary considerations, of course. 

Similarly, for attenuated modes, where h’=iK’, the 
real and imaginary parts of (3.12) become 


, 


ke 
—4Re f E-J*dv' = 
(y')? 





| A’| 22K’ 


[e?x c.. 1}? 
x——__In{r’], (3.16) 
| r’-e2K'4|2 
k¢K’ 
—Hm f E-J*dv'= ———| A’ | ’e— 1) 
' (7')? 
|r’ |2perk Cat 4 GPK’ W(e2K'e+ 1)Re[r’] 
(3.17) 





| r--e?X’4|2 


For TM modes, we need consider only h=iK, and we 
find in a similar way that 


—3Re f E-J*dv’ 


knK (1—e2Xe)? 
= ——| A | %e?X*$__———Im[r] (3.18) 
¥ |r—e2Ke|? 
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and 


knK 
—Hm f B-J*d' =| 4\10-e9 
v 7’ 





[— |r| er Cora 2K 6014 @2Ke) Ref rT] 
‘ orale - (3.19) 
aes 

It should perhaps be mentioned that Eqs. (3.13) 
(3.16), and (3.18), which give the average power sup. 
plied to the antenna and, hence, the average power 
radiated in a given mode, can be verified by calculating 
the radiated power directly using Poynting’s theorem: 
i.e., we must have 


—4Re f E-J*do= Re f e.-LEXH* dS, 
Ss 


where S is a cross section of the guide located anywhere 
to the right of the source (z>0). That this expression 
indeed reduces to (3.13), (3.16), or (3.18), as the case 
may be, is easily established by direct substitution of the 
appropriate fields. 

Having obtained explicit expressions for the power 
radiated by various types of modes, we can now calcu- 
late, at least approximately, the average power radiated 
by or supplied to each mode as compared to the 
propagating TE, mode. Considering first the power 
radiated by the 7M), mode, it is easily seen from (3.18) 
that, considered as a function of the reflection coefficient 
111, this power has the upper limit 

P(TMyy) < (Rn Kus/yux”) | Ans |2e-?*™, (3.20) 
This rough, but sufficient, result is obtained by putting 
Im(r1)=1 and neglecting 7:; and unity in comparison 
to the exponentials in (3.18). Thus we have at once, 
using (3.13), 


P(TM 1) _ (Kya)(y11'a)?| Aus|? 
P(TEu) (Ana) (yura)?f?| Aus’ |? 





e7?Kub 


x ; 
2f(ri1') sin?(hy1'c) 





(3.21) 


where f(r11’) is given by (3.14) and where the result has 
been expressed in terms of the dimensionless quantities 
Ky;a, yu4, hy,'a, and ¥;'a. Similarly, for the TE; and 
TE,2 modes we obtain 


P(TEn) _(Kai'a)(yu1'a)" | Asi’ |? 
P(TEy:) — (Ayy'a)(y21'a)? | Aqy’|? 





e72Ka1' b 





x (3.22) 
2f(ri1’) sin?(hy;'c) 
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and 
P(E) _ (Kiz'a)(yu'a)? | A1s’|? 
PTEn) (Auy'a)(yi2'@) | Aus’ |? 





e@7 2 R12’ b 
x / > oi , ; 
2f(rir ) sin?(Ay1'c) 


We have thus been able to obtain upper bounds for 
the power ratios without requiring a precise knowledge 
of the reflection coefficients of the attenuated modes. 
Since expressions for 71; were derived by Levine and 
Schwinger and its numerical values as a function of ka 
have been computed by the National Bureau of Stand- 
ards, these ratios may be evaluated for any desired set of 
parameters. In particular, using the following parame- 
ters which have been encountered in an experimental 
antenna: KL=2.438; kc=1.519; kd=3.192; kb=1.673 
and using also the numerical values listed in Table I, we 
find that 





(3.23) 


P(TM 11) _ .258 
P(TEn) ~ f(rw’) 
P(TEs) _ -00801 
P(TEu)  f(ru’) 
P(TE 2) _ 136 
P(TEy) f(r) 


If we now make use of the value of 71;’~~—0.39—2(0.12) 
for ka= 1.928 interpolated from the results of Levine 
and Schwinger which are tabulated in Sec. IV, we find 
f(ru’)>.44 and, hence, 


P(TM ))/P(TE yy) <.59e7*"®, 
P(TE3;)/P(TE\:) < .018e-7%"'®, 
P(TE\2)/P(TE\1) <.31e°*'®. 


e~?Kub 





_ or 
e€ 2K31'6 








e72K12’ b 


Since the dimensionless parameters 2K6 are 
2Ky,b= 5.745 ; 2K2/b= 6.474; 2 12° = 8.625, 


for the experimental antenna, it is evident that for the 
given parameters the power radiated by each attenuated 
mode is less than 0.2 percent of the propagating mode. 
Thus, we have ample justification for the assumption 
that the actual antenna behaves as if it were excited by a 
TE, wave alone. 

From (3.17) and (3.19), it can be easily shown that, to 
a first approximation, the reactive power in the attenu- 
ated TE modes can be given by 


QO(TE)~— (kf K/(y')?)|A’|?, (3.24) 
and for the attenuated 7M modes by 
O(TM)™(knK/(y)?)| A|?. (3.25) 
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These results have been obtained by neglecting terms of 
order unity compared to the exponentials. Such an 
approximation is equivalent to neglecting, for the 
attenuated modes, the reactive power contributed by 
the fields reflected from both the open and closed ends 


of the antenna. Finally then, if we let 
s=R—iX (3.26) 


and neglect as before terms of 0(e~**°) arising from the 
attenuated modes, we obtain, to good approximation, 


2kohyy' | Aq’ |? 
Rw 














ne ge feu satan’, = G2) 
and 
keh’ | Ay’ |? 
 (yy!)? Io? 
20 mUris’*(e-2#h’ a g—2ihur’ b) 
4 —[1+ |ri’|*] sin2hy)'c 
| ry’ e72#eur’ | 2 
a path ean I hm [Ame |? _ 


m,n Yan I,? m,n Yan? Iy? 


From the above expressions for the resistive and 
reactive parts of the impedance seen by the antenna, we 
note that, to good approximation, the resistance depends 
only on the characteristic parameters and the reflection 
coefficient associated with the propagating mode and 
upon the distance from the source to the open and 
closed ends of the antenna. The reactance, however, is 
composed of a term which involves the parameters of 
the 7E£,, mode and which is either capacitive or in- 
ductive, depending upon the position of the source with 
respect to the ends plus an infinite series of inductive 
terms, one for each attenuated 7M mode, and an infinite 
series of capacitive terms, one for each attenuated TE 
mode. Because of the approximate treatment of the 
attenuated modes, each term in these series depends 
only upon the field amplitudes excited by the source and 
not upon the reflection coefficients or position of the 
source. 


IV. ELECTROMAGNETIC RADIATION FROM A 
CIRCULAR GUIDE INTO FREE SPACE 


In the preceding sections, we have shown to good 
approximation that the field incident upon the open end 
of the antenna is that of a TE,; mode. Thus, to obtain 
the characteristics of the given antenna, we must con- 
sider the radiation from a circular guide which is so 
excited. The formal solution of this problem has already 
been obtained by Levine and Schwinger" using a 

{{ As yet unpublished because of the extensive computations 
required. However, these calculations have now been performed by 
the National Bureau of Standards and early publication in the 


Physical Review is expected. Thanks are due Dr. Levine and Dr. 
Schwinger for the private communication of their solution. 
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TABLE IT. 73;’=X+iY. 
ka Py 4 Iria’ 

1.841183790 — 1.000 — 0.000 + 1.000 
2.000 —0.234 —0.152 0.279 
2.400 —0.054 —0.073 0.091 
2.800 —0.023 —0.038 0.045 
3.200 —0.016 —0.022 0.027 
3.600 —0.016 —0.011 0.019 
3.831705970 —0.024 +0.003 0.024 








method similar to that employed in a previous paper by 
the same authors.” In this section, we will make repeated 
use of this formal solution and the numerical values 
computed from it by the National Bureau of Standards. 
We now summarize the pertinent results of Levine and 
Schwinger with occasional trivial modifications as re- 
quired by the present problem. For convenience these 
results will be given essentially in their notation. 

The reflection coefficient 7;;’, referred to in Sec. ITI, 
for the magnetic field (called voltage reflection coeffi- 
cient by Levine and Schwinger) in the guide is given by 


Ls(hy’) (RA hy’) / (R—Ayy’) +iS 
ry =— , (4.01) 
Ls(—hy’) (R—hyy’)/(R+Ay')+iS 





where 


S=. (4 =) exp (2) 42 
<EleG) “Ela 


and 


© dx 
A=exp;— 
ae = | -(: ‘wena 











( Ki(x) an 1’ (x) ” dx 
x tan“ +t =f 
I ,(x) mI ,'(x) 
ka 14-[9ly'(x)/ iain 
xt 1- log 
[«?+ (ka)? }! 1+[I,(x)/Ki(x) } 


where J, and K;, are first-order cylinder functions of 
imaginary argument and af{o= a+ fp is defined by 


rg 
H,'((k—f0?)4a]=0 for — ; <arg(k?—£?)'<0. 
Its value can be obtained from 
(afo)*= (ka)?— (xo—tyo)?, 


where x= .50118351 and yo=.64354502.** As before, 


** Numerical values obtained by the National Bureau of 
Standards with the aid of the values given by Jahnke-Emde, 
“Tables of Functions” (Dover Publications, New York, 1943), 
fourth edition, p. 242. 
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Ji(yna)=0 and J;'(y,’a)=0. Also 
L,.(hy') a ee 
Li(—Iyy) Som fay LR Ay)’ 


: ca ; hy,’ hyy'a 
Xexp}| —27 >> { sin-'—————-— )| 


(y2—y")! ne 


hy;'a 2r 
exp 2 (1og—+2) hxa 
T Ckha 


where C= Euler’s constant and where 
, ih;'a xdx 1 
B= exp| f 
2 0 «+ (ya)? (x?+ (ka)?)? 
aly’ (x) 3 hy;'a 
xiog [H+ (F) le“ }t 
Ky’ (x) T 


~ xdx 1 — Ky'(x) 
x f — tan-(—) 
0 «+ (y1'a)? (x*+ (ka)?)? mIy'(x) 





























ya ’ hy’ 
Xexp] | —27 ) sini} 
v 


Numerical values of 711’ as a function of ka were ob- 
tained from (4.01) by the National Bureau of Standards 
and are exhibited in Table II and plotted in Fig. 3, 
Although a great deal of care was taken with these 
calculations and convenient checking methods were 
used to insure correct results, the necessarily large 
interval in ka did not permit the use of differencing as an 
absolute mathematical check. 

Other important results which can be obtained from 
the equations of Levine and Schwinger are the expres- 
sions for the magnetic and electric fields at large dis- 
tances from the mouth of the guide. From the com- 
ponents of these fields a study can be made of the 
polarization of the far fields as a function of the azi- 
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Fic. 3. Reflection coefficient vs ka. 
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muthal and polar angles measured with respect to the 
axis of the guide. This study indicates that, in general, 
the far fields are elliptically polarized. However, owing 
to the complexity of the functions involved, it is not 
possible to discuss accurately the characteristics of the 
polarization ellipse without an enormous amount of 
numerical calculation, except in the forward direction. 
In this direction, the functions simplify greatly, and it is 
easily shown that the fields are circularly polarized, 
which is in agreement with experiments performed on 
the actual antenna. 

The power gain function defined as in Silver® is given 
by Levine and Schwinger as 


a 4 Ji(y1'a) 
G(0) = 2—(ka 
(@) yi  H(ka,hy'a)—H(ka, —hy'a) 








x H (ka, ka cos@) 
1—(k sin@/71')? 


2J (ka sin@) 


| J \'(ka sin@) 


E(ka, ka cos) | 
sin@ 


eY 
(x+y)! 


1 7” tt ; Ki (?) 
x exp aw f tan™ 
mJ (+27)! nI,(t) 





E(x, y)= 





(4.02) 





1 1 
x| F | 
(P+2x*)!+y (P+27)1+x 
2 »)5/2py x-vV 2 
(x+y) *!e x yi 
| x+ foa|?| y+ foa|*| x+y 


1 ¢” tdt (—*) 
X exp} — f tan— 
exp|- o (+27)! aI;'(t) 


1 1 
me ae 
(P+27)i+y (P+27)!+x 


G(6) as function of 6 and ka is tabulated in Table III 
and plotted in Fig. (4), and here again differencing could 
not be used as an absolute check. 





H(x, y)= 

















V. COMPARISON WITH KIRCHHOFF THEORY 
AND WITH EXPERIMENT 


In Sec. IV, the radiation characteristics of the 
antenna were computed from the rigorous solutions 
obtained by Levine and Schwinger for the radiation 
from a circular guide excited by a TE, mode. With 
these results which are admittedly very complex, we 
may proceed to investigate the reliability of the classical 


5S. Silver, “Microwave antenna theory and design,” Radiation 
Laboratory Series, No. 12 (1949). 


6(6) Power Gain Function vs. Angle 
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Fic. 4. Power gain function vs angle. 


Kirchhoff method as applied to this type of radiation 
problem. For this comparison, we will assume that the 
exciting fields are linearly polarized and study the power 
gain functions in both the E(g=72/2) and H(g=0) 
planes. This will give a more detailed comparison than 
would a study of just the circularly polarized field; 
indeed, this latter is merely a superposition of the former 
two cases. We will also compare these theoretical results 
with some accurate experimental data obtained by Mr. 
L. E. Swarts of the Antenna Laboratory of the Uni- 
versity of California, Berkeley. tf 

The power gain functions which correspond to (4.02) 


for exciting fields which are linearly polarized are given 
by 


J ;'(ka siné) 
H(ka,kasin@) (5.01) 
1— (ka sin@/y;'a)? 


G(6, 0)=2A 





for the H-plane and 
G(6, x/2) 
= 2A{[2J;(ka sin6)/sin@]E(ka, ka cos0)} (5.02) 


for the E-plane. The constant A is the coefficient of the 
bracket in (4.02), and the functions E(x, y) and H(x, y) 
are as defined in (4.02). 


tt The authors are indebted to Professor S. Silver and Mr. L. E. 
Swarts for these measurements which were privately communi- 
cated to them. 
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The Kirchhoff solution of this particular problem is 
obtained in Sec. 10.2 of Silver’ from the radiation field 
vectors derived by Chu.*® Thus, in the notation of this 
report and normalized to the same exciting power inci- 
dent upon the opening in the guide as in (5.01) and 
(5.02), the Kirchhoff method yields the power gain 
function as 


2(ka)* hay}? 
G(6, 0) =————_ cose] 
ha(y;;"a?—1) ka 








| J \'(ka sin@) 


| (5.03) 
1—(ka sin@/y;"a)? 


and 


2(ka) ha . 
G(6, x/2)=——— [1+ cos 
ha(y1;°a?— 1) ka 





J (ka siné) 7? 
*|(-——]. (5.04) 


sin 
From the above equations, we may now compare the 


corresponding gain functions as functions of @ for vari- 


TABLE III. G(6). 














ON 1.8411--* 2.0 2.4 2.8 3.2 3.6 3.831-°- 
0 4.597 5.131 6.630 8.342 10.262 12.379 13.647 
5 4.551 5.075 6.538 8.201 10.054 12.084 13.293 

10 4.417 4909 6.271 7.793 9457 11.244 12.290 

15 4.203 4.647 5.853 7.161 8.547 9.980 10.791 

20 3.923 4.307 5.320 6.371 7.428 8.458 9.008 

25 3.596 3.913 4.714 5495 6.218 6854 7.159 

30 3.240 3.487 4.079 4.601 5.023 5.322 5.428 

35 2.872 3.054 3.452 3.749 3.924 3.969 3.935 

40 2.510 2.632 2.864 2.980 2.973 2.851 2.734 

45 2.165 2.237 2.334 2.317 2.192 1.978 1.827 


50 1.847 1.878 1.873 1.767 1.578 1.332 1.178 


55 1.562 1.560 1.485 1.328 1.114 0.873 0.736 
60 1.312 1.287 1.166 0.986 0.775 0.560 0.447 
65 1.097 1.056 0.911 0.727 0.534 0.354 0.266 
70 0.915 0.864 0.709 0.535 0.367 0.222 0.156 
75 0.763 0.707 0.553 0.395 0.253 0.139 0.091 
80 0.638 0.581 0.433 0.293 0.176 0.088 0.053 
85 0.536 0.479 0.342 0.220 0.124 0.057 0.032 
90 0.453 0.399 0.273 0.168 0.090 0.039 0.021 
95 0.336 0.014 
100 0.286 0.011 
105 0.248 0.009 
110 0.220 0.008 
115 0.199 0.008 
120 0.225 0.185 0.107 0.058 0.028 0.012 0.008 
125 0.177 0.008 
130 0.175 0.008 
135 0.181 0.009 
140 0.195 0.010 
145 0.221 0.011 
150 0.333 0.264 0.140 0.073 0.037 0.019 0.013 
155 0.327 0.017 
160 0.411 0.023 
165 0.499 0.035 
170 0.567 0.055 
175 0.603 0.073 
0.174 0.106 0.078 


180 0.704 0.615 0.424 0.277 





*L. J. Chu, J. Appl. Phys. 11, 603 (1940). 
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Fic. 5. Power gain function vs angle for ka=2.0. —— Rigor. 
ous theory. - - - Kirchhoff theory (normalized to same incident 
power.) 


ous values of ka. In Fig. 5 are compared the theoretical 
results obtained by Levine and Schwinger for the two 
planes of observation and the approximations to these 
results obtained by the Kirchhoff method. It is also of 
interest to normalize these curves with respect to the 
forward direction, 82=0, so as to exhibit explicitly the 
angular dependence by eliminating amplitude factors, 
In Fig. 6 we compare the relative power gain function of 
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Fic. 6. Relative power gain vs angle for ka=2.4. —— Rigorous 
theory. - — — Kirchhoff theory. O Experimental points. 


the theoretical results with the experimental data ob- 
tained by Swarts. 

From Fig. 5, it is evident that the Kirchhoff approxi- 
mation may give results which are as much as 20 percent 
too small in the forward direction for both types of 
polarization. However, from Fig. 6, we notice that the 
form of G(@) is surprisingly accurate in the E-plane but 
is much less so in the H-plane. We also notice that the 
Schwinger and Levine results agree remarkably well 
with the experimental results in both planes of observa- 
tion. Thus, we may conclude from this comparison that 
for this problem the Kirchhoff approximation will not 
suffice, if one desires absolute results which are with 20 
percent of the correct values. On the other hand, if only 
the form of the gain function is required, as is usually 
the case, then the Kirchhoff approximation is very 
satisfactory in the E-plane but somewhat less so in the 
H-plane. 
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The Change of the Elastic Constants of 
$-Brass with Composition 


H. JONES 
Imperial College, London, England 
(Received February 11, 1952) 


N a letter in these columns, Artman and Thompson! have given 
the results of their determination of the elastic constants of 
6-brass at a composition of 55.12 atomic percent copper, and have 
compared their values with those determined by Lazarus? for 
brass of 51.74 atomic percent copper. They find that the shear 
constants $(¢1:-¢:2) (denoted for brevity by c’) and cy, and the 
bulk modulus K, are diminished by increasing the copper concen- 
tration. In a short paragraph at the end of their letter they discuss 
the significance of the diminution of c’, and suggest that this is 
due to an increase in the non-Coulomb ion—ion interaction which 
might be expected to result from the substitution of the relatively 
large copper ions for the smaller zinc ions. 

There are serious difficulties, however, in this interpretation 
because the same effect would certainly increase both cy and K, 
contrary to observations. For a pure metal with body centered 
cubic structure, it is well known that 


(644/¢’) ion = (7?w"’ +2rw’) /3rw’, (1) 
where r is the distance between nearest ions and w(r) is the energy 
associated with the non-Coulomb interaction between a pair of ions. 
Many lines of approach suggest that, for ions which have closed 


electronic shells (as both Cut and Zn** have), w(r) varies as exp 
X(—1r/p), where p is a length of about 0.3 au, and hence the right- 


1 
hand side of (1) becomes =< -2). Thus, if increasing the copper 
p 
concentration by 3.38 percent changes c’ by dc’, and if we attribute 


, ' , 4 
this change to an increase in the average negative value of =rw’, 


3 


then we must expect, from the same cause, a change in cy given by 
ifr . P 
5¢u4= —s\ -—2 Joc’ = —2.175c’, (2) 
3\p 


since r= 2.549 au for 6-brass. As c’ is observed to decrease from 
0.974 to 0.833 (10" dynes/cm?*) as the copper concentration in- 
creases from 51.74 to 55.12 we see that dc’ = —0.141 10" dynes/cm? 
and, therefore, 5¢4 should be +-0.306 10" dynes/cm?. The experi- 
mental results, however, show that the change is in the opposite 
sense and (5¢44)obs= —0.804.10" dynes/cm?. 

In a similar way the contribution to the bulk modulus K from 
the ion-ion interactions can be expressed 


(K/c’) ion= (r?w”’ —2rw’) /3rw’, (3) 


from which we may deduce 5K = —3.50 dc’. Thus again, if we 
attribute the change in c’ to ion-ion interaction we should expect 
K to increase by 0.493.10" dynes/cm*. In fact K decreases by 
0.83.10" dynes/cm?. 

In a recent paper,’ I have considered the way in which the shear- 
ing of the Brillouin zone affects the Fermi energy of the conduction 
electrons, and have shown that this effect leads to a contribution 
of about 1.2 and 1.8 (10" dynes/cm*) to c’ and cu, respectively. 
Since these contributions depend upon the number of conduction 
electrons per unit volume of the metal it is clear that they must 
change as the composition changes. If Eqs. (16) and (17) of 
reference (3) are differentiated with respect to m, the number of 
conduction electrons per atom, it follows that 


5c r={-} , 4(L—A)(2+3)) | «(2)8 " 
ieee vr 3(24n) 7 ’ 








(4) 
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and 


_ 4 
5c’F= 5 , 4(1—A)(2+3)A) | x(2) Sn. (5) 


4" 3(2+2) . 
Hence, since x= 2.416 10" dynes/cm?, y=0.6752 and \ was taken 
equal to 0.15, 5¢¥ = 10.374.10"5n and dc’F = 4.867 10"5n. As the 
copper concentration increases from 51.74 to 55.12, decreases 
from 1.4826 to 1.4488. and therefore 6n=—.0338. Thus the 
calculated changes in the Fermi energy contributions amount to 
5c’F = —.164 10" and dcu4¥ = —.351 10" dynes/cm*. The change in 
c’F is quite close to the observed value, but that for cy¥, although 
now in the right sense, is only about half of the measured change. 
The agreement with regard to cy is improved by taking into 
account the change in the electrostatic contribution to the shear 
constants. If it may be assumed that the charge distribution of the 
conduction electrons is approximately uniform throughout the 
metal the effective ionic charge, which gives the electrostatic 
term, will be Zers= 1+, where x is the fraction of zinc atoms in the 
alloy. In these circumstances the contribution to each shear con- 
stant is proportional to (1+-)?Q-*/5, where Q is the atomic volume. 
Neglecting changes in volume, which can easily be shown to give 
an effect an order of magnitude smaller, we may write 


bce 5c" 25x 
ce - CP 1+-2’ (6) 


where the superscript E denotes the electrostatic contribution. 
In reference (3) c’® and cu” were estimated to be 0.61 and 4.55, 
respectively, and thus éc’7=—0.028 and écy”=—0.210 (10" 
dynes/cm*). When these contributions are added to the contribu- 
tions from the Fermi energy the total changes in c’ and Cy are 
found to be —0.192 and —0.561 (10" dynes/cm?) respectively, 
which are not far from the observed values. 

Finally with regard to the bulk modulus it is known that the 
conduction electrons, if regarded as “free”, contribute a term 
which is proportional to 5/3 and therefore 5K¥/K¥ =(5/3)in/n. 
Since m diminishes as the copper concentration increases we see 
that KF varies in the same sense as the observed modulus. The 
magnitude of KF is, however, only about one-half of the observed 
change; this is no doubt due to the fact that the bulk modulus, 
unlike the shear constants, is sensitive to changes in the energy of 
of the lowest level of the conduction band. 





1R. A. Artman and D. O. Thompson, J. Appl. Phys. 22, 358 (1951). 
2D. Lazarus, Phys. Rev. 76, 545 (1949). 
3H. Jones, Phil. Mag. 43, 105 (1952). 





A Receiver of High Effective Absorption 
for Penetrating Radiation* 
RUDOLF FRERICHS 


Department of Physics, Northwestern University, Evanston, Illinois 
(Received March 5, 1952) 


RYSTAL phosphors with well-developed electron traps, i.e., 
with persistent luminescence, change their dielectric constant 

(and dielectric loss) if they are exposed to radiation. The radiation 
must be able to lift up electrons and consequently to fill the traps. 
This change in dielectric constant is attributed to the high polariz- 
ability of the trapped electrons. The effect has been well known 
for many years.' Earlier experiments have been made with thin 
sandwiches consisting of a phosphor layer arranged between two 
transparent electrodes. Generally, excitation by light is used, but 
L. Wesch reports two experiments performed with x-rays and 
cathode-rays on such sandwiches.? It appears to me that this 
effect has a few properties that make it useful for the measurement 
of penetrating radiation. A number of such sandwiches can be 
piled up similar to a paper condenser to make a receiver of any 
desired effective absorption. Such consensers can be easily made 
from thin aluminum foil, covered with a thin (0.5-mm) layer 
consisting of a suitable crystal phosphor (No. 1300 du Pont) and 


697 








698 LETTERS TO 


a highly insulating binder, such as polystyrene dissolved in 
benzene. Preliminary experiments were made by the author with 
such a condenser consisting of ten layers with a thickness of 10 mm 
and an effective area of 44 cm?. The condenser was mounted in 
a paraffin-filled aluminum box in order to avoid ionization of the 
surrounding air. 

In a preliminary experiment x-rays were pulsed (60/sec) and 
their intensity was reduced by large distance, small tube current, 
and filtering (13 mm Al) to 0.001 R/min. The condenser was 
charged with 250 volts over 2.5 megohms. The signal due to the 
periodic change in capacity of the condenser was preamplified 
(500 times) and observed at an oscilloscope. It amounted to 160 
microvolts corresponding to a capacity change of 0.57 10-*. Ina 
similar experiment 50 R of gamma-irradiation (radium) changed 
the capacity (3040 yyuf) of a condenser (50X60X11 mm) by 
30 upf, as measured by a capacity bridge. 

If the condenser is exposed to strong irradiation (about 1000 R), 
the occupancy of the traps and the change in capacity reaches a 
saturation value and therefore the ac signal, caused by the in- 
termittent irradiation, disappears completely. The traps in the 
phosphor discharge almost completely in about one day, and then 
the original state of the condenser is restored. It is well known 
that the discharging of the traps can be accelerated by heating of 
the condenser (250-300°C), but in this case the phosphor has to 
be used without a polystyrene binder. 

The excitation process itself, i.e., the lifting up of electrons into 
the conduction band and filling of the traps, does not have any 
time lag. Therefore, also pulses of gamma-radiation of a few 
microseconds duration, produced by beta-ray pulses of accelerators, 
should be effective in such receivers. The experiment mentioned 
was undertaken with a wide band amplifier; the sensitivity of the 
receiver can be greatly increased by tuned amplification using 
narrow bands. 

Such receivers can be used with x-rays and beta-rays, which do 


not affect phosphors. It is obvious that in such condensers cad- - 


mium electrodes can be used for the detection of neutrons, as has 
been proposed for the combination of crystal phosphor and photo- 
multiplier. Also experiments with lead foils inserted for the pro- 
duction of pairs seem to be possible with such condensers. If the 
radiation is not periodically chopped, the change in dielectric 
constant can be measured with a heterodyne circuit of high 
sensitivity. It is even possible, if the decay curves of the dielectric 
change are determined for all energy levels, to measure the change 
in capacity at a given time after the irradiation and to extrapolate 
to the value obtained during the irradiation. 

It is intended to continue this investigation. 

The author wishes to express his thanks to the General Electric 
X-ray Department, Milwaukee, Wisconsin for the loan of the 
x-ray apparatus and to E. I. duPont de Nemours and Company, 
Towanda, Pennsylvania for help in selecting the phosphor used. 

* This work is sponsored by the Bureau of Ships, Department of the 
Navy, Washington 25, D. C. 

1 See G. F. J. Garlick, Luminescent Materials (London, 1949), pp. 130 f. 


2L. Wesch, Ann. Physik. 40, 263 (1941). 
3 W. H. Jordan and P. R. Bell, Nucleonics 4-5, 30 (1949). 





Intensity Calculation for Determining Weight 
Percentage in a Binary Alloy by X-Ray 
Fluorescent Analysis 


P. K. Kon, B. CauGHERTY, AND R. E. BurKet 


Research Laboratories, Allegheny Ludlum Steel Corporation, 
Brackenridge, Pennsylvania 


(Received March 17, 1952) 


HE difficulties encountered in the theoretical calculation of 
fluorescent intensity for the determination of the percentage 

of a component element in metallic alloys have been enumerated 
in a paper by the writers.! When a binary alloy consisting of two 
neighboring elements in the periodic table is concerned, the effect 
of mutual excitation, absorption edge, and difference in absorption 
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TABLE I. 
a 
Calculated Calculated 
I Ka Cobalt atomic percent wt percent 
Specimen IKq iron Fe Co Fe Co 
Small crystal 2.066 32.33 67.67 31.17 68.83 
Tape 1.883 34.39 65.61 33.19 66.81 


Comparison standard 1.002 49.60 50.40 48.25 51.75 
Chemical analysis of comparison standard: Fe 48.80 weight percent 
Co 50.59 weight percent 








becomes insignificant so that a simple calculation gives weight 
percentages of the alloying elements in good agreement with 
chemical analysis. 

An occasion arose when it was necessary to compare the cobalt 
content of two iron-cobalt alloys; one in the form of a 3X3x0j 
mm small single crystal, and the other, 5X0.1 mm thin tape. 
Since it was essential that the specimen be preserved in the origina] 
form, no microchemical technique could be used. 

An iron-cobalt alloy of known chemical analysis was used as a 
standard of comparison. The intensity ratio of Cox, to Feg, on 
each specimen was obtained under identical operating conditions, 
The intensity in counts per second was the average of several 
readings obtained by scaling at 4 to 2 percent relative probable 
error (16,384 to 1024 total counts, respectively). 

The relative excitation efficiency of cobalt versus iron was 
obtained as follows: 


(excitation efficiency) cobalt 





(excitation efficiency) iron 


_ Ika (remelted carbonyl cobalt) 
~ Tra 


The atomic percentage of Fe in the Co-Fe alloys was calculated 
according to the following equation: 





(electrolytic iron) = 0.987, 


Txq cobalt 1 ) 
ve Ixq iron Xoos7t! = 08. 


The results in Table I show the validity of the preceding 
equation. 


1P,. K. Koh and Betty Caugherty, J. Appl. Phys. 23, 427 (1952). 





Energy Transference between Wave Numbers 
in Isotropic Turbulence 


HrrRoOsHI SATO 
Institute of Industrial Science, University of Tokyo, Chiba City, Japan 
(Received March 18, 1952) 


NE of the most important features of turbulent motion is 
the energy transference between different ranges of wave 
numbers. Experimental information on this subject has recently 
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Fic. 1. Decay of spectral components. 
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Fic. 2. One-dimensional spectrum of @?. 


been obtained by measuring the triple correlation of velocity 
fluctuations.! It is possible, however, to estimate the transference 
directly from energy spectrum. With usual notations, the Fourier 
transform of K4rm4n-Howarth’s equation of correlation propaga- 
tion is 


= (iP) +2(i2) (8) = — vio Fit-+4 ff “phdk), (1) 


where k the wave number, F the one-dimensional spectrum of 
#, and W is the energy transference function. The first term on 
the left side may be derived from measurement of decay of 
spectral components, an improved method being proposed by the 
present author.? Terms on the right side may be obtained from 
the measured curve of spectrum. 

Experiments were made in a closed wind tunnel with a grid of 
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Fic. 3. Energy transference between; wave numbers. 


1-in. mesh length and at a wind speed of 10 m/s. Relative energy 
of spectral “components was observed by traversing hot wire 
longitudinally with tuning frequency of filter fixed (Fig. 1). Decay 
of components is found to become more severe as the wave 
number increases, whereas a somewhat complicated tendency was 
observed in a previous study,? where the measurements were 
carried out in an open jet-type wind tunnel. Figure 2 shows the 
energy spectrum obtained at various positions, from which we 
estimated terms on the right side of Eq. (1). From faired curves 
of results, the energy transference is determined as Fig. 3, where 
positive value of W denotes flow-out of energy and negative value 
flow-in. It is seen that the wave numbers of no transference as 
well as of maximum flow-in decrease wtih decay of turbulence. 
Integral J” Wdk becomes nearly zero, indicating the reliability of 
results. 

The author wishes to thank Professor I. Tani and Professor 
H. Kumagai for their valuable advice. 


1R. W. Stewart, Proc. Cambridge Phil. Soc. 47, 146 (1951). 


2H. Sato, J. Appl. Phys. 22, 525 (1951); H. Sato, J. Phys. Soc. (Japan) 
6, 387 (1951). 





Dielectric Image Line 
D. D. KING 


Radiation Laboratory, The Johns Hopkins University, Baltimore, Maryland 
(Received March 19, 1952) 


HE behavior of dielectric rods as wave guides has been dis- 

cussed both experimentally and theoretically.+? It is the 
purpose of this note to describe a modification of the dielectric 
wave guide which offers several important advantages over the 
simple rod. 

Inspection of the theoretical expressions for the fields in a rod 
excited in the lowest or dipole mode shows that the distribution 
possesses a plane of symmetry. This permits the use of a half- 
round rod and an image plane, as shown in Fig. 1. 

The extent of the field is determined by the ratio of conductor 
diameter to the wavelength. The percent power within a radius b 
for a dielectric rod of radius a is shown in Table I for the case 
2a/do= 0.282. 


TABLE I. 








b/a 3.5 10.6 35.5 
% 30.5 82.5 99.9 








For relatively thin rods such as this, most of the power is 

carried outside the rod, and the field intensities are, therefore, 
relatively low. The losses in the dielectric, and in the image con- 
ductor are minimized by the resulting low displacement and con- 
duction current densities. 
+ A polystyrene image line with 22=0.42 cm for use at Ao= 1.23 
cm was constructed on a dural image surface 20 cm wide. A reso- 
nator was obtained by mounting 10X 20 cm vertical end plates on 
the image surface. Holes in the base of the end plates permitted 
the polystyrene half-round rod to pass through the end faces. 
By measuring the Q of this resonator as a function of line length, 
the attenuation was determined as 31.5db/100 ft. 
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This compares with the calculated value of 18db/100 ft assuming 
a loss tangent for the dielectric tand=0.001, and an infinite 
perfectly conducting image surface. The calculated value is about 
equal to the attenuation of }<4 in. (RG-53/u) brass wave guide. 
The attenuation may be decreased without limit by decreasing 
the ratio 2a/A. However, this requires a wider surface. 

Advantages of the image line may be summarized as follows: 


(1) no supports are required, 

(2) coupling from the rear through slots is facilitated, 

(3) the space required for the field is positively indicated by the 
width of the image plane, 

(4) minimal attenuation at millimeter wavelength is afforded 
by choosing a large enough image screen and a thin dielectric 
filament, 

(5) construction is simple, since the exact cross section of the 
dielectric filament is immaterial; the dielectric may be deposited 
in liquid form if desired. 


1W. M. Elsasser, J. Appl. Phys. 20, 1193 (1949). 
?C. H. Chandler, J. Appl. Phys. 20, 1188 (1949). 





New Booklets and Other 
Publications 








National Bureau of Standards Handbook 48 entitled “Control 
and Removal of Radioactive Contamination in Laboratories’’ is 
available from Government Printing Office, Washington 25, D. C. 
Price 15 cents. 


The JAP has received a copy of No. 91 (1951) Acta Polytechnica. 
This publication is devoted to original contributions to engineering 
sciences and is published at Stockholm, Sweden, by the Royal 
Swedish Academy of Engineering Sciences in collaboration with 
the State Council of Technical Research, The Royal Institute of 
Technology, the Chalmers’ University of Technology (Gothen- 
burg), The Association of Engineers and Architects, and other 
bodies. Interested readers should write to Lennart Simonsson, 
Secretary to the Executive Committee of Acta Polytechnica, 
Stockholm 5, Sweden. 


A booklet entitled “Electrodeposited Tin-Nickel Alloy Coatings” 
has been issued by Tin Research Institute, which describes work 
done in the Institute’s laboratories during the past two years. 
Copies of this booklet are available, without charge from: Tin 
Research Institute, Fraser Road, Perivale, Greenford, Middlesex, 
England. Tin Research Institute, Inc., 492 West Sixth Avenue, 


NEW BOOKLETS AND OTHER PUBLICATIONS 





Columbus 1, Ohio, U.S.A. Centre d’Information de lEtain, 3 
Rue du Marais, Brussels, Belgium. Technisch Informatie Centrys 
N. V. Billiton Maatschappij, Louis Couperusplein 19, The Hagy 
Holland. 








For laboratory workers in fields where complete spectrophotg. 
metric data is essential to accurate results, the Eastman Kodak 
Company has issued a revised Kodak Data Book, “Kodak 
Wratten Filters for Scientific and Technical Use.” The booklet! 
is priced at 75 cents per copy and is available from Kodak dealers, 
Also available is the Kodak Data Book on Chemical Preparations } 
at 50 cents per copy. 










Leeds & Northrup Company has published a newly revised, 
20-page Catalog Section ED, “Galvanometers and Dynamom. 
eters.” A copy of this Catalog will be sent upon request. Address § 
Leeds & Northrup Company, 4934 Stenton Avenue, Philadelphig 
44, Pennsylvania. Also obtainable is a new, 36-page catalog ang 
buyer’s guide, ““Thermohms, Assemblies, Parts and Accessories,” 








Bausch & Lomb has issued a new catalog on three-dimensional 
microscopes entitled, “Bausch & Lomb Stereomicroscopes.” The 
catalog is fully illustrated with photographs and sketches of 
various models and accessories. 







Knapp Mills Inc. has published a new 22-page booklet, “The 
History and Development of Ferrolum Lead Clad Steel and 
Cupralum Lead Clad Copper.” Interested readers may obtain 
copies by writing to: Research Department, Knapp Mills Inc., 
23-15 Borden Avenue, Long Island City, New York. 







A new 28-page, two-color booklet describing the basic charac. 
teristics and the applications of selenium rectifier stacks has been 
announced by the Lighting and Rectifier Department of the 
General Electric Company. Designated as GET-2350, the booklet 
is complete with charts, graphs, and tables illustrating the 
principles of rectification, and the characteristics, manufacture, 
circuit design, and application of selenium rectifiers. 

Also, a new 80-page catalog summarizes for the first time 
under one cover all of the General Electric Company’s testing 
and measuring equipment for laboratory and production line use. 
To be used primarily as a reference to the apparatus available for 
the complex measurements to be made in industry, the new 
catalog (GEC-1016) contains more than 150 photographs and 
diagrams and describes the uses, features, specifications, and 
prices of more than 130 G-E testing and measuring equipments. 















Eberbach & Son Company, Ann Arbor, Michigan, has the follow- 
ing booklets available—free on request: Eberbach Amnouncer © 
of Scientific Equipment, No. 51 10 44; No. 52 1 45; and & 
No. 52 3 46. 


